


STABLE RELATIVE BESSEL DISTRIBUTIONS ON GL(n)
OVER A QUADRATIC EXTENSION

By OMER OFFEN

Abstract. We study regularized periods of Eisenstein series over unitary groups. They play an
important role in the study of unitary periods of cusp forms. A stabilization is used to express the
periods in terms of L-functions. Thanks to recent developments of Jacquet and Lapid, we obtain
certain Bessel identities that generalize identities obtained by Lapid-Rogawski. These identities are
applied in “Compact unitary periods” by Lapid and Offen.

1. Introduction. Let G be a connected reductive algebraic group defined
over a number field F and let # be an involution on G defined over F. Let

Y ={yecG|yd(y) =e}

where e denotes the identity. The group G acts on the symmetric space Y by
g-y=2gy0(g)~". For every £ € Y = Y(F), let H® be the stabilizer of ¢ in G. Let
A = Ay be the adéle ring of F and for an algebraic group Q defined over F let
O = Q(A). The H:-period of a cusp form ¢ on G is defined by the integral

I (¢) = / (k) dh,

HE\(HSNG))

known to converge by [AGR93]. A cuspidal automorphic representation 7 of
G, is called HS-distinguished if there is an automorphic form ¢ in the space
of 7 so that HHE(@ # 0. For a general automorphic form the period integral
may not converge. It is possible, however, to regularize it, as has been carried
out in [JLR99] and [LRO3] when 6 is a Galois involution. The relative trace
formula of Jacquet (RTF), is a tool to study distinguished representations. It is
expected that to (G, ) there is attached a group G’, so that the automorphic
representations of G, that are H-distinguished for some ¢ € Y are precisely
those in the image of a functorial transfer from G’ to G [JLR93]. We now turn to
the specific setting of this work. We refer to §2 for unexplained notation and for
conventions regarding invariant measures. Let E/F be a quadratic extension of
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number fields. Let G’ = GL(n) be regarded as an algebraic group defined over F
and let G be the restriction of scalars of GL, from E to F. The associated groups
of F-rational points are then G’ = GL(n, F) and G = GL(n, E) respectively. Let
be the Galois involution defined by

0(g) = wa'g 'y,

where x — X is the nontrivial Galois action on E/F and w, is the permutation
matrix in G with unit anti-diagonal. In this case the stabilizers H¢ are the var-
ious unitary groups and the functorial transfer from G’ to G is quadratic base
change. It has recently been established by Jacquet, that every representation of
G, that is the base change of a cuspidal representation of G, is distinguished
by some H¢ [Jac05]. This is carried out by comparing the RTF for G with a
Kuznetzov trace formula (KTF) for G'. The cuspidal contribution to the RTF
appears as a sum of relative Bessel distributions attached to distinguished repre-
sentations of G. It matches term by term with the corresponding sum in the KTF
for Bessel distributions attached to cuspidal representations of G’. Thanks to the
fine spectral expansion of the relative trace formula obtained by Lapid [Lap06],
the contribution of the continuous spectrum to the RTF can also be expressed
as an integral of relative Bessel distributions defined through regularized peri-
ods of Fisenstein series. The term wise comparison, however, cannot be carried
out directly. It is shown in [LROO] for the case n = 3, that the comparison can
be carried out using a stable version of the relative Bessel distributions. Our
goal in this work is to generalize to GL(n) the results of [LROO]. It has been
made possible, thanks to the recent developments of Jacquet [Jac04], [Jac05] and
Lapid [Lap06].

If we consider a cuspidal automorphic representation of G, distinguished by
some H¢ then it is globally the base change of (essentially) only one cuspidal au-
tomorphic representation. Accordingly, the period integral is factorizable. If now
we consider an Eisenstein automorphic representation then it is the base change of
several automorphic representations. Accordingly, the regularized period integral
is expected to be a finite sum of factorizable linear forms. The regularized period
HHE(¢>) of an automorphic form ¢ of Gy is defined in [LR0O3]. When ¢ = E(p, )
is a cuspidal Eisenstein series, e (¢) is computed in [LRO03] in terms of the so
called intertwining periods J(n, v, \). We will be interested in Eisenstein series
induced from the Borel. Our first result shows the above expectation holds in this
case. We now explain the result more explicitly.

Let T (resp. T') be the maximal torus in G (resp. G’) so that the group T (resp.
T"), of F-rational points, is the group of diagonal matrices in G (resp. G') and
let B =TU (resp. B’ = T'U’) be the Borel subgroup of G (resp. G’) containing T
(resp. T’) where U (resp. U’) consists of the upper triangular unipotent matrices.
Let x be a character of T\Ty, let A be in the complex vector space ajc =~ C”
where the roots of G with respect to T live, and let p: Gy — C be a smooth
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function such that

(1) o(bg) = 62 x(b)p(g), b € By, g € Ga.

The Eisenstein series

E(g.o, =Y pyg)eMos)
YEB\G

converges absolutely for Re \ sufficiently positive and admits a meromorphic
continuation to C". According to a result of Springer [Spr85], every B-orbit in Y
has a representative x € Y that lies in the normalizer Ng(T') of T. Let [x] denote
the class of such an x in the Weyl group W of G. We obtain a natural map

t: B\Y - W

sending B - x to [x]. Fix £ € Y and let € G be such that - £ =x € Ng(T). For
such 7 let

HS =H N7 'Bn.

The intertwining period attached to 7 is the integral

_]E(n’ 0, \) = / . . €<)"H(nh)>90(77h) dh.
(Hn)A\HA

The result of [LRO3] applied to this case gives us that the integral defining
J&(n, @, \) is convergent for suitable x and X and that

2) I E@. ) = Y vol (HS\(HS)AE (1, 0. N).
L(n)=Wn

Denote by w = wg/p the idele class character attached to E/F by class field
theory. Let Nm: T — T’ be induced from the norm map from E to F. Let x
be a unitary character on T\T, which is a base change with respect to Nm of a
unitary character on 7"\T}. Denote by B(x) the set of 2" characters v on T'\T}
such that y = v o Nm. The stable intertwining period J*¢(v, ¢, \) is defined in §4
as the product over all places of F of its local analogue J*¢*(v,, ¢,, \) defined
in §3. The period J*¢(v, , \) is invariant under Hgf where Ay is the ring of
finite adeles of F. We can now state our first result. It is the generalization of
Theorem 1 in [LROO].
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THEOREM 1.

7 (E(p, ) = 27" vol (HY"\(HY™)n) > T, 0, \).
veB(x)

In particular, this expresses the left-hand side as a sum of factorizable linear func-
tionals.

Proposition 3 and (13) show that the local factors of the summands at the
unramified places are given as ratios of L-functions. The local unramified com-
putation was carried out by Y. Hironaka in [Hir99]. We interpret her computation
to suit our setting and hence we obtain a description of n#* (E(p, A)) in terms of
L-functions. Let ¢ = ®¢, be a factorizable section that satisfies (1). Let S be a
finite set of places containing the archimedean places and the places where E/F
is ramified, so that for v & S, &, € K,, X, is an unramified character of 7, and
(, is K,-invariant and normalized such that ¢,(e) = 1.

COROLLARY 1.

vol (HY"\ (H"")) vol (H"")S N K*)
27 vol (HY™)S N KY)

x> (HJ‘*‘”&(VU,%,»)

veB(x) \veS

3) 7 (E(p, \)) =

S —1
H L (l/,'I/j w, )\,‘ - )\j)
1 >
LS(ViVj , )\i — )‘J +1)

1<i<j<n

where LS stands for the associated partial L-function.

When n = 2 the formula (3) was obtained in some special cases in ((EGM87],
(8.13)) (see [CO, LOO7] for the interpretation of an anisotropic unitary period as
a finite weighted sum of point evaluations over the genus of the hermitian form).
The formula of Grunewald-Mennicke-FElstrodt for the special case determines all
local terms explicitly and is applied to obtain new proofs of old identities and
new identities for representation numbers associated with binary Hermitian and
with ternary quadratic forms. In [CO] we apply (3) in the higher rank setting and
obtain information on familiar representation numbers as well as on a new type
of representation numbers associated with Hermitian forms.

We now describe the identities of Bessel distributions. In general, if (7, V) is
a unitary, admissible representation of G4 and L, L, are continuous linear func-
tionals on V, we may define a distribution on the space of compactly supported
K-finite functions f on G, by the formula

Br.,(f) =Y Lix(f)$)La(d)
{¢}
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where {¢} is an orthonormal basis of V consisting of K-finite vectors. The sum
is then finite and By, 1,(f) is independent of the choice of basis. The distribution
Br,.1,» can then be extended to compactly supported smooth functions on G
(cf. [JLRO4, §4.1]). The distributions occurring in the KTF and in the RTF are
all of this type. They are referred to as Bessel distributions and relative Bessel
distributions, respectively. We will consider factorizable functions ® = ®,P,
(resp. f' = ®,f)) on Yy (resp. Gy) smooth and of compact support so that @, is
the characteristic function of K, - w,, (resp. f;, is the characteristic function of K7)
for almost all . The Bessel identities that we wish to formulate are for matching
functions @ and f’. The concept of local matching depends on a transfer factor.
At this stage we can only say that the transfer factor is one of two possibilities.
Locally, if ¢ is an additive character of F and 6 € {0, 1}, we say that the functions

5
® and f’ 6-match for 1) and write @ fif

/ £ waaus) by uz) dyrus dynes
U'xu’
= Wr(a) / O - (¢ W) (w) dyu
U

for all a € T'. Here w is the quadratic character of F attached to E/F by class
field theory and

4) Ve = (w,w?, ..., w").

Globally, there is an analogue notion of 6-matching and decomposable functions
® and f’ have d-matching orbital integrals for an additive character 1) = ®,1,
of F\A whenever ®, and f] §-match for v, at every place v of F. We often
suppress ¥ from the notation. From the definition it follows that both in the local
case and in the global case we have

4) P <£>f/ if and only if @ 1<1>5fu’)
where f/(g) = w(detg)f'(g). Jacquet established the trace formula identity
RTF(®) = KTF(f"),

whenever @ & f'. As already mentioned, the cuspidal contribution to the identity
of trace formulas can be compared term wise. Our goal is to formulate and prove
an analogue for the distributions coming from the most continuous part of the
spectrum. Let x be a unitary character of 7\T, and let

I, A) = Indgﬁ (Xe<>"H(')>)
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be the associated representation on G, induced from the Borel. Fix a set of
representatives {£} for the set of G-orbits in Y. For a function @, we associate a
family of smooth functions of compact support {f¢} on Gy so that

o 6= [ shgan

The relative Bessel distribution is defined in terms of the regularized periods as
follows

B@,x, %) = > S I EUSE x Vg, MW, —X)
[Z

where ¢ runs through an orthonormal basis of I(, A). For v € B(x), the Bessel
distribution is defined by

B/(f/’ v, )\) = Z W/(I/(fl’ v, A)SO,’ A)W/(SOI’ _)_\)
@

The Whittaker functionals YW(¢, \) and W' (p, \) are defined in §2. We denote
by W(e, \) and W’(gp, A) their complex conjugates respectively. Since there is
more then one representation whose base change is /(, A\) some stabilization of
the relative Bessel distributions is required in order to obtain a comparison. For
v € B(x) we define

B (®,v,0) =) [ /Y O (v, , \) dy] W(p, —N).
) A

It is shown in §6 that

B(®,x, \) =27"vol (Hy"\(H}")») Y B"(®,v,\).
veB(x)

The next result generalizes to GL(n) Theorem 2 in [LROO]. Furthermore, we do
not make any assumptions on the archimedean places.

THEOREM 2. There exists 6 = 6(n) € {0,1}, depending only on n, such that

0
whenever x is a unitary character on T\Ty, v € B(x) and (I)q’<b—>f’ we have,

2" vol (B\B})

B (q), v, >\) = VOl (B,\B/}&) VOl (H;V”\(szn )A))

B'(f,v,\).

Next we state the local analogue of this theorem. The distributions in Theo-
rem 2 are factorizable. Their local counterparts are defined in §5. Locally, for a
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character p of F* we introduce the Tate ~y-factor

L, s)
(1, 8,7) = )
8 0) = LG T~ 5)
For a character v = (vq,...,v,) on T/ and \ € C" set,
(6) yw A = T v o, A= N ).
1<i<j<n

For an additive character ¢ of F, let dg be the self dual Haar measure on F
with respect to ¢. If 1)/ is another character of F we denote by (df, : dg) the
positive number for which d}f/ = (d%l : d%)d}f. We set e(y)) = (d? : d%o) where
1o is a character of conductor OF in the p-adic case and ¥g(x) = ezmTrF/R(x)
in the archimedean case. If ¢’ = 9(a-) for some a € F* is another character
then, e(¢’) = |a|%e(¢). For a quadratic extension E/F of local fields, we define
in §2.3 a certain quantity [dp: dp X dywn] which depends proportionally on the
Haar measure on B and inverse proporteionally on the Haar measures on B’ and
on Hy™.

THEOREM 3. For a quadratic extension E/F of local fields of characteristic
zero, there exists a root of unity kg /p = Kig/p(Y), depending only on n, on ¢ and on

0
the extension E/F, so that for any unitary character v of T'and any ® v ' we
have

B (@,v,\) = kgyp() e()” ™V ldp: dp X dypun Iy, A OB (1, M),

If ' = w(a) for some a € F* is another character then, kg/p(y') =

w(a)dim U,/@E /F(w). Moreover, if E/F is unramified and of odd residual charac-
teristic and if 1 has conductor O then kg p(¢) = 1.

The element 6(n) € {0,1} is determined in Theorem 2. In the unramified
places, we determine rp/p by taking @ to be the characteristic function of
Y N K and f’ to be the unit element of the Hecke algebra Hg. We then di-
rectly compare both sides of the equation. As already mentioned, for this we use
Hironaka’s computation. The identity we obtain is also valid in the case of even
residual characteristic, but in this case we do not know the fundamental lemma,
and therefore cannot determine xg/r. We do not attempt to determine xg,/p in
general. We remark however that in a global situation, as in [LROO], we have
HU KE,/F, = L.

Theorem 3 is our main motivation for this work. In a joint work with
E. Lapid we apply the local Bessel identities in order to obtain a new ex-
pression for the compact unitary period of certain cusp forms in terms of
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special values of L-functions [LOO7]. This in turn, has an application towards
a recent conjecture of P. Sarnak about the L°°-norms of automorphic forms
[Sar04].

Although not necessary for the application we have in mind, it would be
interesting to determine 6(n). In [Off] we conjecture a generalization of the fun-
damental lemma of Jacquet that would, in particular, determine 6(n). We prove
the conjecture for the case n = 2 and obtain 6(2) = 1.

Acknowledgments. During the preparation of this work, my research at the
Weizmann Institute of Science is being supported by an Edith and Edward F.
Anixter Postdoctoral Fellowship. This project was suggested to me by E. Lapid.
I would like to thank him for many fruitful conversations and constant encour-
agement.

2. Notation and preliminaries. Throughout, E/F denotes a quadratic ex-
tension of number fields or local fields of characteristic zero. In the global setting
we set E,, = F,®@pE for every place v of F. Thus E, /F, is a quadratic extension of
local fields whenever v is inert and E, ~ F,® F, whenever v is split. In the local
setting we therefore also consider the split case £ = F&@F. Denote by Nm (x) = x¥
the norm map from E* to F* and by w the quadratic character attached to E/F
by class field theory. In the global setting it is an idele class character and in the
local setting it is a character on F*. If E = F & F then w is trivial and Nm is the
map (x,y) +— xy. Fix an algebraic closure F of F. We will use bold letters such
as X to denote an algebraic set defined over F, which we identify with the set
X(F). We will use plain letters such as X to denote the set of F-rational points
of an algebraic set, i.e. X = X(F). If F is global we also denote X, = X(F,) for
every place v of F and X, = X(A) where A is the adele ring of F. We keep
the notation introduced in §1. In particular G’ = GL(n), G = Resg /r (GLy) and
Y = {y € G | y0(y) = e} are all defined over F. Note that Yw, is the space of
Hermitian matrices in G and for each ¢ € Y, H¢ is the unitary group with respect
to E/F and the Hermitian form (£w,,)_1. We shall fix some further notation and
conventions for G; similar notation and conventions will apply for G’ with a
prime appended. In the global setting, the standard maximal compact of Gy is
denoted by K. In the local setting, the standard maximal compact of G is denoted
by K. Globally, we have K = [], K,, the product being over all places v of F.
We denote by W the Weyl group of G. Let aj = X*(T) ®z R, where X*(T) is the
lattice of rational characters of 7 and denote the dual space by ag. We identify aj
and its dual space with R”. The W-invariant pairing (-,-): aj x agp — R is then
the standard inner product on R”. The height map H: G, — ag is characterized
by the condition (@) = |o(r)| for all & € X*(T), u € Uy, t € Ty, and k € K.
For an algebraic group Q defined over F, we denote by 6o the modulus function
of Q4 in the global setting and of Q in the local setting. Denote by p € aj half
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the sum of the positive roots in X*(T) with respect to B, thus

5 = e2PHO)

Let x be a unitary character of Ta. For all A € a5 we identify the spaces of
the induced representations I(x) = I(x, A\) with the pre-Hilbert space of smooth
functions ¢: G, — C such that

p(utg) = 65X (De(g)

for u € Uy, t € Ty and g € Gy. The scalar product on I() is given by
(p1,02) = / ©1(8)p2(8) dg.
By\Ga

The representation I(x, A) is defined by

1(g, %, Np(g') = e MED=HE) (o g).

It is unitary if A € iaj. Let w € W and let " x(¢) = x(wtw™1). The (un-normalized)
intertwining operator

Mw,N): I(x, ) — I("x,w\)

is defined by

(M(w, \)p)(g) = e~ WM / eNHOUD) o(vwug) du,
(Upnw=lUpw)\ Uy

It is absolutely convergent in a suitable cone and admits a meromorphic contin-
uation in A. We will use similar notation for induced representations and inter-
twining operators in the local setting. In the nonarchimedean setting, let Hg be
the Hecke algebra of compactly supported, bi-K-invariant functions on G. When
x is unramified, let f(x, \) denote the spherical Fourier transform of f € Hg
evaluated at I(x, A). Denote by bc the base change homomorphism

bc: Heg — Hg.

It satisfies f(x, \) = f'(v, \) whenever f' = bc(f) and y = v o Nm. We fix a
nontrivial character ¢ of A/F. For u € Uy we set

Yu(u) =9 (TrE/F (u12) + -+ Trgyp (un—l,n)) :
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For ¢ € I(x, \) we let E(p, \) be the Eisenstein series on G4 induced from .
The 1)-th Fourier coefficient WY = W of E(y, \) is defined by

Wi, ) = /U o, o N du

We define similarly the character ¢y of U}, by

Vo) =0 (U +---+uy_y,).

For a character v of T'\T} and ¢’ € I'(v, \), the ¢)-th Fourier coefficient W' (¢', \)
of the Eisenstein series E(v, A) on Gy is defined in a similar way with respect

to Yyr.

2.1. Orbits in Y. Denote by G\Y the set of G-orbits in Y. Given a set of
representatives {£} in ¥ for G\Y the map g — g~ ' - € defines a bijection

) | |HS\G — Y.
{}

Next, we consider B-orbits in Y. According to a result of T. Springer [Spr85],
every B-orbit in Y intersects the normalizer Ng(T). In fact the map O — O N
Ng(T) is a bijection between B-orbits in Y and T-orbits in ¥ N Ng(T). We define
a map

t: B\Y - W
by O — T(ONNg(T)). We wish to analyze the B-orbits in :~!(w,). It is observed
in [LROO] that for t € T we have tw, € Y if and only if ¢+ € T’, and that the
T-orbit of tw,, is Nm (T)tw,,. Set

A=T/Nm(T).
As in [LROO] we have,
LEmMA 1. There is a bijection

L*I(wn) ~A

defined by O « (O N T'ww; .

We then have a decomposition

A= || Ac

CeG\Y
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where

Ac={a € A: aw, C C}.

Set

X = F*/Nm(E®).
Thus, A ~ X". In the global setting X,, is then F,'/Nm(E}). Let
Xp = @ Xy

and define A, similarly. The group X imbeds diagonally in X4. By class field
theory, [X4 : X] =2 and therefore [Ay : A] = 2". Let

d: AA — XA

be the map defined by the determinant. We also denote by Ga\Y4 the set of
Ga-orbits in Y4. It is identified with elements C = (C,), where for each place
vof F, C,is a G,-orbit in Y, and for almost all v, C, = G, - w,. By abuse of
notation we will also denote by d the map

d: Gy\Yp — Xp
defined by d(C) = det(Cwy,). For C € Gp\Ya we denote

Aca={a€Ax: Yo, a,w, C Cp}.

We have d(a) = d(C) for all a € Ac a. There is a natural map

i G\Y — GA\YA
sending a G-orbit to the Gx-orbit that contains it. The local to global principle

for Hermitian forms says that this map is injective. We thus have the following
commuting diagram

A — AA

Lo |
G\Y <& Gp\Ya

| l

X = X,

where in both sides the upper vertical map sends a to the orbit containing aw,
and the other vertical map is d. An orbit C € G4 \Y4 lies in i(G\Y) if and only
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if d(C) € X. Another way to describe the local to global principle is to say that
for C € G\Y and for £ € Y we have

®) che (§) = [ ] che, (€0

where chr denotes the characteristic function of a set I'.

2.2. Fourier inversion and stabilization. We recall here some Fourier
analysis on Ay from [LROO]. If g is an absolutely summable function on Ay, we
define its Fourier transform

8(k) = K(a)g(a)

acAp

for any character x of Ay. We have the following inversion formula

2"y g@y= > gk

acA KEAa JA)*

If in addition g is of the form
g(a) =[] gu(an)
v

where g, is a function on A, for all v and the infinite product absolutely converges
then by Lemma 2 of [LR0OO] we have

8(k) = [ 8u(ko),
v
where k, is the restriction of x to A, and

8u(ky) = Z kolayp)go(ay).

ay€Ay

2.3. Measures. Since we want to emphasize the dependence of the Bessel
distributions on the various invariant measures, we do not, at this stage, make
explicit choices of measures.

We denote by dg a right Haar measure on a locally compact group Q. If R
is a closed subgroup of Q, we denote by dg ¢ the equivariant measure on R\Q
determined by dg and dgp. To be precise, it is the functional on the space—smooth
functions f on Q of compact support modulo R, such that f(rq) = 6R6§1(r)f(q)
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for all r € R and g € Q—such that

_ . —1 .
/Q 8(a) dog = /R . /R )08 (r) dir diy pd

for every smooth function of compact support ¢ on Q. When this relation holds
we denote symbolically

dQ = dR X dR\Q

If ¢: 01 — Q> is an isomorphism of locally compact groups, and if R; is a closed

subgroup of Q;, i = 1,2 such that Ry = ¢(R;), then ¢ and dg,\o, determine an

. d
equivariant measure df;]\Q] on R;\Q;. We denote by (dgig; o = (R0t dry\0,)o

the positive number such that

de\Ql = (de\Ql: dRz\Q2)¢dj;|\Q]‘
Clearly
(dr)\0i* dr\0)y = (dr\0y dR\Q o

When clear from the context, we will often supress the index ¢ from our notation.

The Haar measures will be bound by the following constrains. Discrete groups
will be endowed with the counting measure. If Q is an algebraic group defined
over a global field F, we fix a decomposition dp, g = ®,dg,q,. The groups H¢
are all inner forms of one another. We assume that the Haar measures

ng = ®”dHf’ tey
are chosen compatibly in the following sense. If Q and Q' are two reductive
algebraic groups defined over a local field F which are inner forms of one another,
it is explained in §15 of [JL70] how a Haar measure dpq on Q determines a Haar
measure dgprq’ on Q' by pulling back the associated invariant differential form
via an inner twist. Globally, we assume that for &, £’ € Y the measures d,e and

dHSI are such that for every place v of F the measure ngz is the pull ba?:k of

A
d,¢ in the above sense.

Fix a set of representatives {£} for G, \Ya. For a representative &, we let
Hg =T, Hg’” be the restricted product with respect to Hg“ N K, for almost all

v. The measure dH.g = ®UdH§l, is a Haar measure on H}i. The Gg-invariant
A v

measure dy, on Y, is determined by the isomorphism g — g ! ¢ from the

disjoint union over {{} of Hi\GA to Y4 and by the invariant measures ng\GA‘
A

By our choice of compatible measures on the unitary groups, the measure dy, is

independent of a choice of representatives for the G-orbits and decomposes as
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dy,(y) = ®,dy,(y,) where dy, is the G,-invariant measure on Y, determined by
the isomorphism (7) and the measures ng\G .
Let £ €Y,a € A and p € G be such that n - £ € aw,. Denote

HS =H' Ny~ 'By.

It is observed in [LROO] that the groups 77H§1f1 are independent of £, a and 7
as above and consist of the elements diag (ay, . ..,a,), a; € E; where

Ei={x€E*: Nm(x)=1}.

We fix a decomposable Haar measure on (E1)s and let d(Hg)A = ®@ud e, be the
n U

Haar measure on (Hg)A determined by the isomorphism Hg ~ (E))".

Next we define the local proportionality constant that appears in Theorem 3.
Fix measures on 7 and on U so that dg = dydr and similarly let dg: = dy/dy.
We set

[dBZ dB/ X ng‘r'n] = [dTZ dT/ X dH;vn][dU . dU/]
where the terms on the right are defined as follows. There is an exact sequence
1 — H" — T

and a positive number [dr: drs X dy™] such that

/f(l) drt = [dr: dr+ x dZV”]/ F(x)drx
T

Nm (T)
where

F(Nm1) = /HW”f(yt) ngvny.

If F is nonarchimedean we set Uj = U' N K'. If F is real we let Uj, be the set
of all u = (xjx) € U’ such that for all j < k we have Xjx € [0,1] and if F is
complex we let Uj be the set of all u = (zjx) € U’ such that for all j < k we
have zjx = xji + iyjx with xj; € [0, %] and yj; € [0,1]. Let Uy be the analogue
subgroup of U. We set

dy(Uo)
dy 1 dy]l = —~.
ldy : dy'] du (U
3. Local periods and stabilization. Fix a unitary character x of 7 which
is a base change from a character of 7’. Denote by B(x) the set of characters v of
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T’ that base change to , i.e. that satisfy voNm = . For v = (v, ...,1,) € B(x)
let

[v] ={v,wr}
where wv = (wvy,...,wry). Let C € G\Y and let £ € C. Let a € Ac, t € a and
1 € G be such that
U g = twy.

It is shown in [LRO3] that the integral

TS, 0, \) = /5
Hy \H¢

o NHmh) ©(nh) dHf,\Hﬁ h,

where ¢ € I(x, \), converges for Re A\ sufficiently positive. The character v, was
defined in (4). Note that v — v, permutes B(x). For v € B(x) and a € A¢ let

1
A5 5 (V) = (wop)(p)ez X HO)
and define the normalized period integral by
9) T(a, 0,0 = A5, (NI, 0, ).

The normalized period is independent of our choices of ¢t € a and 7 as above.
We may keep track of the dependence on £ as follows. If &' = g - £ € C, we may
choose i/ = ng™!, then 7' - & = tw,, H¢ = gHSg™ ! and Hg: = gHS¢~!. We then
see that

(10) jﬁ'g(a, I(g, x, N, A) = ]S(a, ©,A).

We will come back to the dependence on a choice of a representative £ € C
later, when we define the stabilization of the relative Bessel distributions. When
a & Ac we set J5(a, ¢, \) = 0. We define the stable local period integral

P, 0 =Y T5@ ¢, \).
acA

Note that
(1D T W, 9, 0) = w(det (Ewa)) S (v, 9, ).

In [LROO], the meromorphic continuation of the stable period is proved in
the nonarchemidean case for the case n = 3 using the principle of Bernstein. The

proof carries over verbatim for any n. Let E/F be a quadratic extension of p-adic
fields and let g = gr be the cardinality of the residual field of F.
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PROPOSITION 1. The stable period J*(v, p, \) admits a meromorphic contin-
uation to a rational function in g*.

In §4 we explain how the meromorphic continuation follows also for the
archimedean case (cf. Remark 1).

3.1. The split period. If E=F @ F then G =G’ x G'. We have 0(g1,g2) =
(9(g2),9(g1)), where 9(g) = wy'g"'w, !, g € G'. In this case

Y={(g,9() ") | ge G}

is a unique G-orbit, and the B-orbits in Y are in bijection with the Weyl group
W via the Bruhat decomposition of G’. The stabilization is then trivial. For any
€ =1(g0,9(g0)"") € Y we have

H* ={(3.9,1(8) | g € G}

where Jy(g) = 9(g'gg’™"). We take n = (1, w,9(g0)) € G. Thus, 1+ & = (Wn, wy)
and

H = {(, J1(@) | 1 €T}

Up to a ratio of certain measures, the local period can be expressed in terms of
an intertwining operator. Note that the isomorphism g — (g,’g~") from G’ to
H"" maps T’ to H". Let x be a character of T =T’ x T’, which is base change
from 7’. Thus it has the form x = (v,v) and B(y) = {v}.

PROPOSITION 2. For ¢ = p1 ® @3 € I(x) =I'(v) @ I'(v) we have
YW, 01 ® 02,0 = (dgwn g © dpn g )(de = dyyr dp)

x / P1@M Wy V(20,1 Np2) (@) dp 8.
B/\G/

Proof. With our convention on compatible measures we have,

(dT’\G’ . dH;V”\HW” )JSI’E(V, 1 & p7, A)
/ </\.H(g)+H(wm9(go)t9g71(g)
e 0
T'\G’

)
P& P2(wnV(80)V 1(8)) drr\r&

= /T no & o O (g0 1. D)) g
= (dp : dy dy)
x /B IC /U NN (g0, 1, N)p2) W wI(§)) dyrit din 1

The proposition follows, by making the change of variables u — J(u). O
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If x is unramified, £ € K and o = ¢ @ ¢ € I(x, A is the K-invariant
section so that pg(e) = 1, then
L A = \)
L(I/il/j_l, Ai — )‘j + 1),

(12) M' (i, Ngo(k) = dy(Up [ | kek

i<j
Since w is trivial in the split case we get that

L(ViVj_lw, >\i — )\J)

13 T, 0o, \) =
( ) (l/ 70 ) UHL(I/,‘I/]-_I,A,'—)\]'+1)

i<j

where v = (dgpn\ o = dpr\o)(dp = dyr dr)dy (Uy)(ph, ¢p)- In the p-adic case it
is easy to see that

_ dypon(H" N K))

 dym(H"NK)

The constant v can also be expressed as a ratio of measures in the archimedean
case.

3.2. The unramified inert period. In this subsection E/F is a quadratic
extension of p-adic fields. Assume that y is an unramified character and let g be
the K-invariant element in /(’x, A) such that ¢g(e) = 1. Our goal in this subsection
is the following.

ProposiTioN 3. If E/F is unramified and { € Y N K then,

dipon (H"" (1K) 1 L 'w, A — N)

J (. 0o, \) = .
@, @0, ) dH:»vn (HZV") L(I/,'I/jfl,)\,' — )\j +1)

i<j

The rest of this section is devoted to the proof of Proposition 3. It is enough
to prove the proposition when Y is trivial and we assume that x = 17 is the
trivial character of T throughout the section. The period integrals J*<(v, @g, \)
are interpreted in terms of Hironaka’s spherical functions on Hermitian symmetric
spaces introduced in [Hir88]. In the unramified case, Hironaka provides in [Hir99]
explicit formulas for the spherical functions, which we use to obtain Proposition 3.
The asymptotic formula obtained in §3.2 as well as our interpretation of the
periods in Lemma 5 are provided for a general quadratic extension of p-adic
fields. The partial results in this subsection are therefore formulated for a general
quadratic extension unless otherwise is specified. In order to interpret the period
integrals as Hironaka’s spherical functions, a certain compatibility condition, of
measures induced from a homogenous space, is required. We start with clarifying
this issue.
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3.2.1. Compatibility of measures. Let B=TU = UT be the group of lower
triangular matrices in G, with unipotent radical U, and let B be the associated
Borel subgroup of G defined over F. For £ € Y let C¢ = G-¢ and let Q% = B x HE.
There is a right action of Q¢ on G given by g®" =b~'gh, b € B, h € H, g € G.
Let di: Y — G, be the algebraic map, so that d;(x) is the upper left i x i minor
of xw, if x € Y and let

X={geG|d(g-6#0,i=1,...,n}.

Then X¢ is an open and dense set in G in the Zarisky topology. It is also a
Q¢-homogenous space. Recall that Ape = {a € A | deta € det(éw,) Nm(EX)}.
The Q%-orbits in X¢ are parameterized by Aqe. To a € Ape we associate the orbit

X5 ={neX®|3ge 0 ) &<caw}.

Then X¢ is the disjoint union of the Qf—orbits XS, a € Age. We remark that
whenever 1 € G is such that 1 - £ € aw, we have H% =H¢ Ny~ 'By.

Let Q and Q' be algebraic groups defined over F. Let X’ be a Q’-homogenous
space and X any Q-space, both defined over F. Let o: Q' — Q be an isomorphism
and let ¢: X’ — X be an open imbedding such that ¢(x9) = ¢(x)?@ (both maps
are algebraic but we do not assume that they are defined over F)). A Q-invariant
measure dyx on X is determined uniquely by a top degree invariant differential
form on X, which can be pulled back via ¢ to a top degree invariant differential
form on X'. Since such a form is unique up to a scalar, it can be shown that
(even if not defined over F) it determines uniquely a Q’-invariant measure dy:x’
on X’. If in addition we assume that ¢(X’) C X then for an integrable function f
on X’ we have

/ Folydyx = / £ (0) dx ().
X' oX")

The argument is similar to that given in §15 of [JL70] for the special case where
Q =X and Q' = X’ are inner forms, and we omit it here. We will denote dyx’
by ¢*(dxx) and refer to it as the pull back of dxx via ¢.

Let dycx be the restriction of the Haar measure dg on G to X¢. Itis a Q5-
invariant measure, which is also the pull back of dg via the imbedding of X¢ into
G. We take the right Haar measure dg on B normalized so that dE(EﬂK )=1and
let ngq = dgdye be the associated right Haar measure on Q£ . We also denote
by d%b = dE(b_l) the left Haar measure on B determined by d. For 7 € X¢, its
stabilizer in Q¢ is

QS = {(hn~" by | h € H}.

For 1 € X¢ such that 17-& € T'w,, the map h — (nhn~!, h) is an isomorphism from
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Hs to Q% and we take the Haar measure d ot on Q% so that (d,¢ : d Qg) =1. We
n n n

construct, in two different ways, Q%-invariant measures on Q%\Q€ . The first—
d ¢, ,e—is the measure that satisfies
07\Q

ng :dQ% X de,\Qf'

The second—d —is the pull back of dy: via the isomorphism

05\0¢
¢5(q) =n?

from Q%\Qg to X¢. To be more precise, we identify Q%\Q§ with the Q%-orbit of
the identity in Q,%\Q£ and take the restriction of ((b%)*(dxgx) to this orbit.

LEMMA 2. There is a constant ¢ € R} so that for all ¢ € Y and n € X¢ such
that n - € = tw,, for some t € T' we have

1
7 — 852
ngn\Q€ =cb; (t)ngn\Qg.
Proof. We denote by |-| the canonical extension of the standard absolute value
on F* to a multiplicative map from F~ to RY. There exists an algebraic map

Age from Q¢ to F~ such that bpe(q) = ‘AQg (q)’ for ¢ € Q. Thus, b extends

to a homomorphism from Q¢ to R}.
Up to a scalar, there is a unique Q%-invariant measure on Q%\Q5 .Fix & n
and ¢ as in the statement of the lemma and let ¢ be the constant such that

1
_ 572
Let ¢, ¢ and 7’ be another such triple. Let g’ € G be such that g’ - £’ = £. Note
then that X¢' = X¢g’ and H¢ = ¢'HE ¢/~ 1. By abuse of notation we also denote
by ad(g’) the map (b,h) — (b,g’hg’~") from Q¥ to Q¢. Let ¢ = (W', ) € Q¢
be such that o = (ng')? = b'"'ng'h’. Note that #w, = b~ - tw, and therefore
that

(14) 8per(q) = 82 1).

We have the following commutative diagram

’ ’ 1 ! / ¢£ 4 ’
Q\Q¢ & Q,\Qf 5 x¢
! !
3
Q\Q¢ DXE,



1202 OMER OFFEN

where the left vertical map is ad (g’), the right is x — xg’ and I, is left multipli-

cation by ¢’. Note also that (ﬁs/ = ¢§g/ o ly. We then have

where the second equality comes from the Q¢ -invariance. Recall that the mea-
!
sures on the compact groups Qf], and Q% are defined via their isomorphism with

E? and note that ad (g’) o ad(¢’) defines an isomorphism from QS, to Q%. We
therefore also have

_ I\% N
in/, —ad(q) ad(g) dQ%

and therefore,

3 _ /\* IN¥ (7
de]/,\Qﬁl X dell/ = ad(q) ad(g) (ng\Qf X dQ%)

_1
céz(Dad(g)" ad(g) dge.

But by our conventions on measures ad (g’ Vidge = ngl. This implies that

1
3 _ 2 I\ *
dQS,\le X de’// = CéE 2([) ad (q) dQEI

_1
¢ 627 (16 ger (g e

05—2(t)5Qs/(q)(d Qg,xd )-

o5,
Taking (14) into consideration the lemma follows. O

For every a € Age we choose representatives 7 € X¢ and ¢ € a such that
n-&=1tw,.

LEMMA 3. There is a constant ¢ € R such that for & € Y and an integrable
function f on X¢ we have,

as) [ swdx=c ¥ 627 (0) / | roniy dspdg,

aeA

Proof. We have

/f(x)dxgx— > / f@dyex= > / 10 gf(n”’)c?Qg\ng-

acA 3 (ZEA
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From Lemma 2 it follows that

1
d j=cb? q .
/Q%\ng(n )yt ped = ¢ b5 (t)/Q%\ng(n Ve, ped

for some constant ¢ independent of £, 1 and . We now integrate over Q%\Q£ in
stages, first over

N\ (B &\~ R
Qn\(B X Hn) ~ B
and then over

(B x H5)\Q° ~ H5\H".

With these isomorphisms, transforming the measure dy from B to Q%\(B x HY)

and the measure d ¢ from Hg\Hﬁ to (B X Hf,)\Q€ , the integration in stages

n\H*
gives precisely the measure d 05\ ng' on Q%\Qf . We therefore obtain,
n

. L
oo 05100 = g b

Making the change of variables » — b~! and summing over Ac, the lemma
follows. O

3.2.2. Asymptotic of the period. For a variable A € aj, by lim)_,., we
will mean the limit as \; — Ay — oo forall i=1,...,n— 1. Let 6; denote the
delta function of the trivial class in A.

LEMMA 4. Let £ € K - wy, then foralla € A and v € B(17) we have

dypon (™) )
e "¢ 7 im J¢ , 00, A
dpon (H 1K) A, J(ds 90. )

equals 61(a) if E/F is unramified and equals (vvy) Y (a) cha,, (@) if E/F is rami-
fied.

Proof. For A positive enough, the integrand in the period J5(a, o, \) is
bounded uniformly by an integrable function. Indeed the more positive A is,
the smaller the integrand is and convergence for a fixed )y follows from the
global convergence proved in [LR0O3]. We may therefore apply Lebesgue’s dom-
inant convergence theorem and compute the limit inside the integral. Since g
is K-invariant, it follows from (10) that it is enough to prove the lemma when
& =wy. Leta € Agwn, t € a and n € G be such that

T]'Wn:twn.
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We have

~ 1 : .
Jl‘j/n(a’ ©0, \) = l/yw(afl)€*§<)\+p,H(t)> /Hw,,\HWn e()\+p,H(77h)> dHl;'”\HW"h'
n

Let x € G be any element such that x - w, = tw,. Decompose x = auk, using the
Iwasawa decomposition G = TUK. Note that xw,, = tw,,0(x) and therefore

Hx)=H()+ H(wnﬁ(a)w,fl) + Hw,0(u)) = H(t) — H(x) + H(w,0(1)).
We see that

1
H(x) = S[H(@®) + Hwa0w)].

It is well known and easy to prove that H(w,u') is in the negative obtuse Weyl
chamber for any ' € U and that it is strictly negative unless ' € K, i.e.,

/
. (NH(wnu')) — 0 u g K

A—00

and therefore,

. _1 0 x¢TK
(H®) (AH®) _
lim ™2 € {1 xeTK.

A—00
Applying this to x = nh we obtain

lim J¥*(a, o, \) = vv,(a~)vol(V,)
A—00

where V, = {h € Hy"\H"" | nh C TK}. Assume first that E/F is unramified. If a
is not the trivial case Nm(7) and h € V,, then, nh = ak for some o € T and k € K.
We then have ok - w, = tw, and hence k- w, = a~! - (tw,) = Nm (o) 'tw,, € K.
Since ¢ is not a norm, this is a contradiction. Thus V, is empty. For a = 1
we may assume that ¢+ = e and take 7 = e. We then observe that if nh = ak
the above argument implies that &« € K. We therefore get that 4 € K. Thus
V. = HY"\(H"" N K). This completes the lemma in the unramified case. If E/F
is ramified then for every a € A we may choose a representative t € KN T
whose diagonal entries are either 1 or a fixed non square unit in F. If a € Agwn
then the number of non square units in the diagonal entries of ¢ is even. For
any unit u € Of there exists k € GLy(Og) such that k - wp, = diag (u, u)wy.
This fact follows from [Jac62] (see Proposition 8.1 for the non 2-adic case and
Proposition 9.2.c for the 2-adic case). It follows that there exists 7 € K such that
1wy = tw,. The same line of argument now shows that V, = H,‘;“" \(H"" N K) for
every a € Acwn. O
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COROLLARY 2. Let £ € K - wy, then for all v € B(17) we have,

dpen (H)™)
S lim J"4(v, go, A
dHWn (HW” N K) )\Ln;o (V o )

equals 1 if E/F is unramified and equals 2"~ chyy, i,y W) if E/F is ramified.
Proof. For the unramified case, since

d H?’n (H ;V” )

) =— T "  |im J¢ A
M) = G (Hn 1K) A T (90 )
we also have
. dypwn (H™)
Sy = 1 T fim JE(w, o, M),

dgwn (HY" N K)) A—o0

But the Fourier transform of the delta function at a = 1, is the constant func-
tion 1. For the ramified case we have similarly, the Fourier transform of the
function a — V;l(a)ChAcW” (a) evaluated at v—! is 2”_lch{,,w’w,,w} v =
2n—1 Ch{l/w,wuw} v). O

3.2.3. Hironaka’s spherical functions on Hermitian forms. For a € A
let O, denote the B-orbit containing aw,. For s = (s1,...,s,) € C" and a € A,
Hironaka defined the following spherical function on Y,

Wy ) = /K cho, (k- ) [T ldiCy - 0§ dk,
i=1

where the Haar measure satisfies dg(K) = 1. The integral converges whenever
Res; > 0 for all i < n and w,(y;s) admits a meromorphic continuation to a ratio-
nal function of ¢°. For a quadratic character x of T, Hironaka also considered the
spherical functions L(y, x; s). The way Hironaka defined those spherical functions,
they depend on the restriction of y to 7’ but not on . Furthermore, for a rami-
fied quadratic extension, the Hecke eigenvalue of the spherical functions L(y, x; s)
is different for different y. It is therefore, more natural to define L(y, 7;s) for
7 € B(1r) using Hironaka’s formulas. Thus, for 7 = (71,...,7,) € B(l7) let

Ly, T:i8)=) (H Ti(di(a))) wa(y; 9).
acA \i=1

These are spherical functions for the symmetric space Y with a Hecke eigenfunc-
tion independent of 7. If E/F is unramified then the spherical functions L(y, 7;s)
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were computed explicitly in [Hir99]. In particular, if £ € Y N K then

" L™, D) L 'w, A — )
(16) L(g,r;s>=<HL1 S
i=1 ( F*> ) [</L(ViVj ’)\i_>\j+1)
where v = (vy,...,1,) € B(1lr) is related to 7 by
. n
(17) v = wn+171 H 7
Jj=n+1—i

and A = (Ar,...,\y) € C" is related to s by

n+1 .
(18) )‘i= 5 _l_(sn+17i+"’+sn)-

To obtain (16) from the results of ([Hir99]; pp. 569-571) we recall that L(u,z +

v—l@) = L(j4 w, z) for any character p of F* and z € C.

3.2.4. Proof of Proposition 3. The next lemma relates the stable inter-
twining operator to Hironaka’s spherical functions. This will, in particular, imply
Proposition 3.

LEMMA 5. There is a constant ¢ such that
(19) L&, 735) = ¢ "5 (v, 00, A)

forall§ € Y, v € B(ly) and \ € C", where v and T are related by (17) and )\ and
s are related by (18). If E/F is unramified then

dgwn (HZ™) 0 L(w™, i)

(20) c= .
dpon (H"n N K)) o7 L1 px, 1)

Proof. We normalize dg so that dg(K) = 1. Let £ € Y and let C¢ denote the
G-orbit of £. We recall that dye is the restriction of dg to X¢. For a € Ape let
t € aand i’ € G be such that 1/ - £ = tw,,. Let "1t = wytw;, !, ¥ra = wyaw, ! and
set n = w,n'. Then, n - £ = " )w, € ("a)w,. Since

cho, (g-&) =chye (8), g € G,
we have

wa(&;s) = /X§ chg (x) H \di(x - )|} dyex.

a i=1
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It follows from Lemma 3, that there is a positive constant ¢, independent of &
and of a, such that

1 n
) =S 2 ; si gl
@) wal&s) =20 /Hfl\Hg [ /Echﬂbn’h) .I 1I [dih - wan)|7 dgb| dye \ -
n =

If + = diag(#y,...,t,) and b = tpup, with t, = diag(by,...,b,) and u, lower
triangular unipotent then,

dib-tw,)=t---t; Nm(by - - - b;).

The inner integral of (21) is then equal to,

o3 (0= \H(""0) /E chyc (b e P~ NHOmbw ) gl
After a change of variables b +— w, 'bw, it becomes
(22) o3 (P=AHCD) /BChK (bnfl)e<p_)"H(b)> df;b,

where dﬁ; is now the left Haar measure on B normalized so that dg(B NK)=1.
There is a projection Py: C°(G) — I(\) defined by

Pa@)(g) = e~ M@ /B B(bg)e'PMHD) gL,

and it satisfies 9 = Py(chg). Plugging this into (22) and (22) into (21) and
observing that Hg = Hg, we get,

e<”\’H(’7h)>goo(77h) d, h.

_1 wn
wa(g;s) — C(SE Z(t)e%<ﬂ—>\,H( 1) / %\Hg

HY\HE
. -1 Hi HMWn
Since 6, (1) = elPHD) = o=(p-HC™D) e get that

(23) wa(&;5) = eI (" a, o, N).

Taking into account the fact that v = v~! for v € B(17) we get (19). We now
assume that E/F is unramified. Since (19) holds for all &, to evaluate ¢ we may
as well assume that £ € K. From (16) and (19) we get that

. L(w"“,i)) 0 Lwiv; 'w, i = \)

24) I, 00,0 = ¢! :
@4 o0 = ¢ (H L(Ir 1) ) 1 L, oA = A+ 1)

i=1 i<j
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We now take the limit as A — oo on both sides of (24). Since
Yli}rglo L(u,s+d)=1

for any character p of F*, (20) follows from Corollary 2. O

Proposition 3 readily follows. O

4. Global stabilization—Proof of Theorem 1. Fix a unitary character x
of T\Tx and let v € B(x). Let C € G\Y and choose ¢ € C. The intertwining
period is defined for A with Re A sufficiently large, by the integral

Faen= [

(\Hh) ;
e omh)d e\ yeh,
(HE)s\HE Hi\H

where a € A¢c and 7 € G is such that - £ € aw,. The integral is independent
of the choice of 7 and the dependence on the choice of £ is given by the global
analogue of (10). It is proved in [LRO3] that the integral converges for Re A
sufficiently large and that with our conventions on measures

7 (Ep, V) = i\, ENED" . (@, 9, 0).

acAc

We recall that the individual summands on the right-hand side are not expected
to have a meromorphic continuation ([LR0OO]; Remark 3).

For ¢ = ®@,p, € I(x), C € Ga\Ya, £ € C and X\ with Re A sufficiently large
define,

(25) I, 0,0 = [T e, 00 ).

v

By Proposition 3 and (13) the product converges and the Fourier inversion of
§2.2 can be applied. For every place v of F define the function

gu(ay) = che, (@wa)J5! @y, @, \)
on A, and set g(a) = [[,g.(a,), a € Ay. By (8) we have
g(a) = che (aw,)J*(a, ¢, \)

for a € A. We have

2"y g@= Y &w= Y [k

acA KE(Ap/A)* KE[Ay/A)* Y
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Note that
Su(ky 1) = I (kv 00, N)

and that kv ranges over B(x) as k ranges over the characters of A, /A. We obtain

(26) 7 (E(p, V) = 27" (digy\ iy, EN\NED" Y I, 0, \).
veB(x)

To complete the proof of Theorem 1 we need the following:

LEMMA 6. The global stable intertwining periods J*"¢(v, @, \) admit a mero-
morphic continuation in \.

Proof. We fix an auxiliary p-adic inert place w of F. For convenience we
choose w such that w,,(det(&,wy,)) = 1. For v, € B(x,,) there exist ¢,, € I(xy)
so that J‘Y[’SW(VCV, Oy A) = 6[VW],MV]. To see this, we look back at the definition
of the local stable periods. Fix representatives {n} as in §3. As observed in the
proof of Lemma 6 of [LR0O0], the periods

27) TS, Pws M)y

are integrals over the 2"~! disjoint open H$' -orbits in B,,\G,, and are linearly
independent. The vector (27) can therefore be arbitrary in C?"™" for different
choices of ¢,,. Write B(xy) = B1(xw) U Ba(xy) so that for all v, € B(x,,) the set
[w] N B;i(xy) contains a unique element for i = 1,2. It is also observed in [loc.
cit.] that the 2"~! x 2"~ matrix A = (ASC}/,’I](A)il)VWEBi(XW)»n is invertible (and it
is independent of i by our assumption on w). Since

(]sr’fw(va Pws A))VWGBI'(XVV) = A(]Ew (17’ Pws )\))7)

we may choose ¢, as desired. From (26), we now get that whenever ¢ = ¢,, Q"
with " € ®_,I(x,) we have

T (B, V) = 217" (g, ), (1 \EDRY T (0, 0, V).

This gives the meromorphic continuation of the functional on ®;7/WI (xy) defined
for decomposable elements by

QuswPv F H JS[’é-L‘(Vﬂv ©Ous A).

vw
The lemma now follows from Proposition 1. O
This completes the proof of Theorem 1. O

Corollary 1 now follows from Proposition 3 and (13). O
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Remark 1. From Lemma 6, we also get the meromorphic continuation of the
local stable periods. Indeed, the meromorphic continuation is given by Propo-
sition 1 for the p-adic inert places and by Proposition 2 in the split places. To
obtain the meromorphic continuation in the inert archimedean case, we now apply
Lemma 6 to a global quadratic extension with a single inert archimedean place,

say Q[i]/Q.

We make another observation that will be useful later. For v € B(y) and
£ € Yy it follows from (11) that,

JE (wr, o, \) = w(det )T (v, @, \).
In the notation of §2.1, it follows that whenever det¢ ¢ X we have,
(28) P, 0, N + I, o, ) = 0,

5. Local stable relative Bessel distributions. The local Whittaker func-
tional is defined by the integral

(29) W ) = / HOD) (10 1Y) d
U

for ¢ € I(x, M. It converges absolutely for Re A sufficiently large and admits an
analytic continuation. Let ® € C°(Y) and v € B(x). The local stable relative
Bessel distribution is defined by

(30) F@v =3 | [ @ wp N dyy| Wie -
)

where the sum is over an orthonormal basis of /(). It is meromorphic in A. For
& € Y we also define the £-th local relative Bessel distribution of G by

B (f,0, 0 = Y T I x Mg, W, = A).
%}

Choose a set of representatives {£} in ¥ for G\Y and a family of functions {f¢}
in C2°(G) such that

(31) o(g )= / FE(hg) dyeh.
HE
LEMMA 7.

B (@,v,0) =Y B v N
¢
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Proof. Fix an orbit C = G- € G\Y. Let a € A¢ and let - € = tw,, € aw,,.
Then,

JELICfS X, N, A) = /

3 (X\H(nhx)) A A
e /Gf (x)e cp(nhx)dedH%\th.

Making the change of variables x — A~ 'x, the last expression becomes
$h 1) eMHmD) A
/H%\m /Gf (h™ "x)e p(nx)dgx dH%\th.

Integrating over G in stages, first over Hg and then over HS\G and changing the
order of integration we obtain

— -—1 (A H(nx)) . .
= 6\ DU - e p(nx) st\Gx

- / DG - TS, 1, Y, Moy V) dge G-
HE\G
It now follows from (10) that

@I e ) = [ 06075 S N dye gt

HE\G

- /C ()T (a, . \) dyy.

Note that this implies in particular that the period Jﬁ(a, I(f5, x, M, A) is inde-
pendent of the choice of representative ¢ and the choice of f¢ representing ®.
Summing over a € A we obtain

Jst,éj(y’ I(fﬁ’ X> A, A) = A (I)(y)JSt,y(y, », A)dyy.

Summing over the representatives of the orbits in G\Y we obtain

(32) SIS NN = [ @@ N dyy.
13

The lemma follows. O
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The local Bessel distribution on G’ is defined by

B(f.v.0) =Y WU v, ) . W (¢, = ).
Lp’

It is holomorphic in A. Here W (¢/, \) is the analogue of (29) for G’ and the sum
is over an orthonormal basis of I'(v).

Remark 2. We wish to stress the dependence of the local distributions at
hand on the choices of measures. Note that the choice of an orthonormal basis
for I(x) is inverse proportional to dp\ g, that W(p, —\) is proportional to dyy and
that with our conventions on measures the stable intertwining period is propor-
tional to dH;m \Ewn and dy is proportional to dpwn\g. Taking all this into account,
the distribution B¥(®, v, \) depends on the measures on U, B and H}" but it is
independent on the measures on ¥ on G and on the unitary groups. Replacing
(dU,dB,dH;m) by (ady, ﬁdB,’de;v'n) changes the relative stable Bessel distribu-
tion by the factor a3y~!. Similarly, the distribution B'(f’,v,\) depends only
on the measures on U’ and B'. Replacing (dp/,dy) by (adp, Bdyr) changes the
Bessel distribution by the factor a/3%. Note also that the matching condition is
proportional to dyy and homogenous of degree 2 in dyr. All in all, this explains
the proportionality constant [dp: dp X dH;Vn] that appears in Theorem 3.

5.1. Local Bessel identity—split case. As in [LR00], we obtain the Bessel
identity in the split case. Recall that in this case w is the trivial character. Let
® € C®(Y) and let f'(g) = (dy : dyr dy)®(W(g)~', g) for g € G'. We then have
@ f for 6 € {0,1}.

PROPOSITION 4.
BSZ((I), v, )\) = €(w)_dim v [dBZ dB’ X devn]’}/(l/, )\, w)B,(f/, v, )\)
Proof. 1t is enough to prove the proposition for A € iaj since all terms
involved are meromorphic. As observed in [LROO], ¢ — 9()(g) = ©(¥(g)) is a

self-adjoint operator on I’(v). By Proposition 2,

JSt’y(I/, gOll & g0/2, A) = (dHZV"\HW" : dT’\G’)(dB’ . dU’ dT/)
x (W oMw,\)ol'(g v, )\)golz, E/l)

for y=(g.9(g)~") € Y. Let f(g) = ®(g,¥(g)~'). We have,
[ @O w01 @ 2, Ny = (g dyna ) : du dr X : dor)

% [ @00 M0, 3) 0 g0 Nh 1) dg
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_ dHZVn\HWn ( dB’ ) (den\G>
dT/\G/ dU/ dTI dGI

X (1 o M'(w, X) o I'(f, v, \)gh, B)).

If {¢}} is an orthonormal basis of I'(v) then the set {(dgn g X dp/\¢ dB\G)%%@
goj/} is an orthonormal basis of /(). Thus,

BSI((I) v = ngVn\Hwn < dp > <dHWn\G) dB’\G’ X dB’\G’ ( dy >
d’]"/\Gl dU/ dT/ dG/ dB\G dU/ dU/

X Y (0 o M'(w, A) o I'(f, v, g, BIW(i, WV (g, A).
i

Note that
dH;V"\HW" < dB/ > <dHWﬂ\G) dB’\G’ X dB’\G’ < dU >
dT’\G’ dU/ dT/ dG/ dB\G dU/ dU/
_ dp ( dy )
~ \dp dyn dy ) \dyrdyr )

Here the map (b1, by) — (b1, (12, t;l), up) is an isomorphism from B = B’ x B’ to
B’ x H¥» x U’ where by = thu, with uy € U’. By a special case of a result of
Shahidi we have the local functional equation

WM (w, N, wh) = e(1) ™ ™Y dyi (U )y, A, h)W(, X

for ¢’ € I'(v) [Sha81]. The same computation as that of Proposition 4 of [LROO]
now gives

~ _d; U dB dU
Bst q)’ , — dim U (U ( ) A
(@1, 2) = ()~ ™ dy (Up) < I Ay dU/) G d ) YA

S WA @S, v, Nl WV (), )

where J(f°)(g) = f(g™". Since f' = (dy:dydy)I(f°) and
dy (Up)(dp : dgr dH;Vn dyr) = [dp: dp X dHZVn], the proposition follows. O

5.2. Local Bessel identity—unramified case. Here E/F is an unramified
quadratic extension of p-adic fields and v has conductor Of. The Hecke algebra
‘H acts on the space of compactly supported K-invariant functions on Y by the
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convolution

£ D(s) = /G F(@®(g~" - 5) dgg.

Let ®( be the characteristic function of K NY, let f € H¢ and let

, _ dc(K)dy(UNK)
f= dy(U' N K')?

be (f).
By the fundamental lemma of Jacquet, in the case of odd residual characteristic
we have
AR VS
for 6 € {0, 1} where fV(g) =f(g~") [Jac05]. Note that the matching is indepen-

dent of § since f” is supported in ker (w o det) whenever f” is in the image of base
change.

PROPOSITION 5. Let v be an unramified, unitary character of B. Then,
(33) BY(fY @0, v, A) = [dp: dpr X dypeon Iy (W, X, 0B (f, 0, M),

Proof. The set Y N K = K - w, is a unique K-orbit, and therefore the function
® = fV x @ is supported in G - w,. If £ € Y is such that {w,,£} is a set of
representatives for the two G-orbits in ¥, we choose functions f*» and f¢ as in
(31). We may take f¢=0. It is noted by Jacquet in [Jac05] that we may also take
' = dg(K)dgwn (H" N K)~'f. By Lemma 7, BY(fY x ®g, v, \) equals

de(K)dppen (H"" 1K)~ (00, 00) ™ T (w0, ICE, X Npos ) W(ipo, — )
= dg(K)*dgwn (H"" N K)) " (00, 00) ' F Ot W (1, 00, \) Wipo, —N).

Note that (¢, gpo)_ldG(K) = dp(B N K). By Proposition 3 we therefore obtain,

L(yiuj_lw, )‘i — >‘j)
L(V,'Vj_l, )\,‘ — Aj + 1) )

dp(BNK) A _ _
BB G W0~ D [T

BI(fY « @y, v, \)=d, K)——=
f 0 G dHZV" (HY™Y Py

Note that

dp(BNK)
dp(B'N KI)dH;Vn (H™)

= [dBS dB’ X dHZVn]'

The rest of the proof applies the formula of [CS80] for the spherical Whittaker
function and proceeds the same way as in Proposition 5 of [LROO]. O
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6. Global Bessel distributions. We now turn to the global setting. Fix a
set of representatives {£} in Y, for Go\Y, so that £ € Y whenever it is the
representative of an orbit in i(G\Y). For a function ® on Y, let {f¢} be smooth
functions of compact support on G, such that

o5~ = [ Ehg)dyeh.

The global relative Bessel distribution is defined by

v | geiG\Y)

where the outer sum is over an orthonormal basis {¢} of I()). It is meromorphic
in A. The sum is independent of the choice of basis and we will see later that it is
independent of the choice of representatives {¢} and functions {f¢} representing
®. For v € B(x) we also define the global stable relative Bessel distribution
onY A

(34) BN =3 | [ 01w o dn] W -0
© A

and the &-th relative Bessel distribution on G

B fov, N = D PR I, x N, W, — V).
©

They are meromorphic in A. Set

ACGA) = [ LOG X5 A — A+ D).
i<j

It follows from [CS80] and our local unramified computation that

TTACco VB (@, 10, M)
v
converges for Re A\ positive enough and we get that

B'(®,v,)\) =

A( By HAU(XU, )\)BS (D, vy, N).
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From Lemma 7 we therefore obtain also globally,

B'@,v. = > BM(fSvN.
£€GA\Y,

From (28) we get that

o B'@uv, =Y Y BN,

veB(x) veB(x) £€i(G\Y)

where the inner sum is now only over orbits with rational representatives. There-
fore, combined with (26) we obtain

(35) B(®,x,\) =27"(vol(E\\(ED)n)" Y BY(@,v,\).
veB(x)

The identity of trace formulas of Jacquet [Jac05], compares between the RTF for

Y and the KTF for G'. For ¢ € {0,1} and for ¢-matching functions oL ' we
have

(36) RTF(®) = KTF(f)
where

RTF(®) = /U o, Koot dy

Ua

KTF(f') = / / Koy )y ) dyray dyri,
U, JU\U,

Ko(9)=Y ®(g'- & and Kp(x,y) = Y f(x ')

ey yeG’

The fine spectral expansion of (36), is now available thanks to Lapid [Lap06].
The most continuous contribution to the left-hand side is the sum over all unitary
characters y of T\Ty that are base change, of

dygom gomy, (H"\H™)a) /

B (@, v, ) d\
n12%dy, i (B\B}) 2 B@w

9 LeB(y)

whereas on the right-hand side it is the sum over the same set, of

1
B'(f', v, \)dA.
nldpn g (B\BY)") Jia yezzs(:m !
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Here we assume that
dp, = dB}%\BA X dBA and dp, = BB, X dB//l&,
where
dpi\g, * dwyy) = dpi\g dgxyp) =1
We now compare the fine spectral expansion of each side of the identity and apply
Lemma 4 of [LROO] in the same way Proposition 6 of [LR0O] applies it. This is

now possible, in our more general setting, thanks to the fundamental lemma of
Jacquet, [Jac04] and [JacO5]. We obtain

B 2"dp 1 (B\B},)
(37) B (®,v,\) = -
1/6262)() dH;"n\(H;"")A(Hy \(HZV )A)dB’\(Bk)l(Bl\(Bx)l)
X Y B(f.v,))

veB(x)
for A € iaj and hence for all A (both sides are meromorphic).

LEMMA 8. For a p-adic inert place v of F the local distributions B!(®,v, \),
v € B(x) are linearly independent for \ generic.

Proof. Let £ € Y. We write the set B(x) as the disjoint union of two sets
Bi(x) and B(x) so that By(y) = wBi(x). It can be shown as in Lemma 6
of [LROO] that the distributions {st’g( f.v, M }ues;p are linearly independent
for i = 1,2. Indeed, the argument in [loc. cit.] reduces the linear independence
of the distributions to the linear independence of the stable period integrals
{Jff’g(u, v, A)}VEB,-(x)- The latter linear independence follows from the fact that
the matrix A; = (Aﬁ’n)yegi(xm with representatives {7} as in §3, is invertible as
in the proof of Lemma 6. Note that

B f,wr, \) = w(det (Ewn)BSS(f, v, N).

Let £ and & be representatives of the two G-orbits in Y, i.e., such that
w(det (§1§2)) = —1. Assume that the distribution ¢, a, BS(®, v, \) is iden-
tically zero for some constants «,, € C. Applying Lemma 7 we get that the sum
over all v in, say B;(x), of

(a, + w(det (E1wn)aw)BSS (fi, v, A) + (v, + w( det (w,)) ) B (fo, v, M)

is identically zero for any two functions f; and f, on G. We therefore get that
ay +w(det (§1wn))aw, = ay + w(det (&awy))a,, =0 for all v € Bi(x) and hence
that «,, = 0 for all v € B(y). O
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We recall Lemma 5 of [LROO].

LEMMA 9. Let Vi, Vs, Vi be vector spaces. Consider vectors {X}}1, and {y/}.,
inV;, j=1,2,3 such that

m m
YRR =Dy Ry @Y.
=1 =1

If {xi}f’él is linearly independent in 'V}, j = 1,2, 3, then there exists a permutation o
of {1,2,...,m} such that for all i

1 2 3 1 2 3
Vi @Y @Yi = X5y @ Xg) @ X5

COROLLARY 3. Assume that E/F is split at all real places of F. There exists a

. 6
permutation 7')‘2 on B(x) such that whenever ® < f’ we have

2y 1 (B\BL)

BSt(q), v, )\) = W, W,
dH;Vn \(Hz)v’n YA (He n\(He H)A)dB’\(BA)I (B/\(B;%)l)

B'(f. 73w), M.

Proof. Using the localization principle of [GK75], if v is a p-adic inert place
then B'(f], v,, \) depends only on the relevant orbital integrals for f, and therefore
depends only on @,. This is an observation of Jacquet ([Jac01];54). Since every
® has a 6-matching f/, we may consider B'(f’,v, \) as a distribution of Y. As
in ([LROO], Corollary 1) the corollary follows in this case by applying Lemma 9
to (37) using two auxiliary p-adic inert places. It follows from Lemma 8 that
Lemma 9 may be applied. O

6.1. Independence on ). So far, we suppressed from our notation the
dependence of our objects on the additive character . We will now justify
this, by showing that Theorem 3 (and therefore also Theorem 2) is compatible
with a change of additive character . This will also correct some inaccuracies
in [LROO]. In order to explain the dependence of the objects on the additive
character, we now append it to our notation. We even assume that the invariant
measures depend on 1.

Let a € F* and let ¢’ = 1)(a-). Following the definition of matching, it is not
hard to see that

6 6
if " then @, 1/,
where

D) = (dy) O - x), fi(9) = (dyy : dip)*f' (@1 gr)
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and ¢ = diag (a"~',...,a, 1). For ¢ € I(x, \) we have
WY (0, N) = (dY = diyx e e AW (1, x, N, )

and

PV 0, 0,00 = g gy iy "V 22 0. 0).

Wn\Hwn)
Similarly for ¢’ € I'(v, \) we have
WY (0, N) = (dVy - dl (e PO (I Mg, N).

The gamma factor satisfies

vy, \ ') = w(a)dlmU ]a|dlmU [H |a\/\f'_>‘i iji_l(a)] v, A, ).

i<j
Note also that
Y (fox: N = g = d)IY(f.x N
and similarly
Y (f v, @ = @Y - dIY(f v, Ny
We also observe that

(38) 1(t, v, VIV (', v, VI, v, M)
— (dllg/ . d%;)z(yl . I/n)(a”_l) ‘a|(n71)(/\1+-..)\n) I’L/)(f;:’ v, )\)QO/

‘We obtain

B”/’ (f v, \) = (dw d¢/) (dw d1/1 Ye~ (p.H(®))
X STW 1, VP v, N WV (1,0, Mg, N)
o'

(ddj d /)e PH(I)>(V1 e Vn)(anfl) ’a|(n_1)()\l+"‘)\n) Bw(fé, v, \).

The first equality is obtained by converting v’ to ¢ according to the recipe pro-
vided above. The second equality is obtained by changing the orthonormal basis

{4} with respect to ' to the orthonormal basis {(d", NG - dg,\G,)%I(t_l, v, '}
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with respect to ¢ and applying (38). Similarly, we obtain
B (@0, ) =y d)dip  dppu)e OB (@ 1, M),

To see this, note that for y = v o Nm and ¢t € T’ we have x(""t) = v2("t) and
after an appropriate change of orthonormal basis apply (10). We now note that

e(wA,H(l‘)) Vz(w”t) — (Vl . Vn)(anil) |a|(n71)(/\1+..-+/\n) H ’a|)\j7)\,‘ le/i_l(a)-
i<j
It follows that if  is a root of unity, such that
B (@,0,\) = ke@) VY dY) x dl 17w A B Y (F v, M);
then we also have
B (®g, v, \) = (dY) d;%,)(dgewn : d}ﬁzvn)(d}ﬁ cdy)
X K (w(a) ’a| %)dim U/e(w/)— dim U/
x[dy + dy X dyu Y A B Y (fr v, )

X [dy: diy % dipn 1YW N B " ([0, V).

7. The Bessel identities. In what follows, we normalize the relevant mea-
sures in a convenient way depending on ¢ and prove Theorem 3. That the theorem
holds for any choice of measures and any ¥ will then follow from Remark 2 and
the discussion in §6.1.

The measures on the local groups will be determined by a nontrivial character
1 of F as follows. If F is a local field we put on F the measure d? which is

self-dual with respect to . If ¢, = ¢(a-), a € F* then d* = \a|% d¥. Set

d%(OF) F nonarchimedean,
0F =0 = < d¥([0,1]) F real,
d}z’({x+iy: 0<x< %,O_yg 1}) F complex.

If F is nonarchimedean and v has conductor Of then D}Z’ = 1. The same is true

if F is archimedean and t(x) = ¢*™ "F/2* We have D?“ = |a]% D?. On F* we
b
take the measure d?x = L(1, 1 px )%. On B’ we define the measure dg, = d?]),dﬁ

where dg,x = ®,'<jd$x,~d~ and (d;z’, : deFX)n) =1.
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Globally, we fix a nontrivial character ¢ of F\A. On A we take the self-dual

measure dy with respect to . It is also given by ®, dﬁ:’. This does not depend
on the choice of 1, and we have dp o (F\A) = 1. Similarly, 0 := [],0F, (1))

does not depend on ¥ and in fact 0 = |AF|_% where Ap is the discriminant of F.
On the group of ideles Ir, we put the measure dy, = ®, dfi .On ]I};, the kernel of

the norm map, we take the measure dﬂ; so that dﬂ}p \1- is the pull back of % under
the isomorphism |-| : I:\Ir — R,. Then dFX\HIlF(FX \IL) = Res;=1 L(s, 1px ) where
L(s, 1px) is the completed Dedekind ¢ function for F. We also set d}% =® Ud;f’i.

Locally, if E is either a quadratic extension of F or F & F, denote i =
¢ o Trg/p. Let dgl be the measure on E; defined by the relation

/ f@) dEz= / F(x)d},x where F(Nmr)= / fondgy.
EX Nm (EX) E;

The measure on H)" is such that (d;ﬁw,, : dgzl)") = 1. Globally, for a nontrivial

character 1 of F\A we set g, = ®Udzp};;vn)u.

Note that locally, by our definitions, we have
e(,(/})fdim U’[dgE : dg/ X d;blwn] =1.
Globally, we also have

dyponn gomy, (HE" \(HE™) ) g7 1 (B'\(B))") -

Indeed, by Ono’s formula for the Tamagawa number of a torus [Ono66] we have

dypomy gy, (H" \(H™)a) = QL(1, w))",
whereas
dpr\ g, (B'\(B))') = (Resy=i L(s, 1px)"
and
dB\BA(B\B}%) = (Resy=1 L(s, 15x))".

We recall a lemma from [LROO] (Corollary 2) that is used to deduce the
Bessel identities. For any finite set S of finite places, denote by Us the compact
group of unramified unitary characters of 7g = [],cg 7). Let S be the set of
archimedean places in F.
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LeMMA 10. Let S = SocUSy be afinite set of places, containing the archimedean
places. Given a place w ¢ S, a unitary character n = (ny)yegf of Tgf and an open

set U C Z/{Sf, there exists a Hecke character ¢ of T}, which is unramified outside
SU{w} such that QS_flT] ev.

To prove Theorem 3 in the nonarchimedean case, we choose a favorable
global situation. Given a quadratic extension E°/F° of p-adic fields, there is a
quadratic extension of number fields E/F such that:

e There is a place ¢ of F such that E,, /F,, ~ E°/F°.

e Every real place of F splits in E. If v is an even place of F and E,/F, #
EY/F° then v splits in E.

o If S§ = {v1,...,u} is the set of places of F that ramify over E then
E,/F, ~E°/F% fori=1,...,l

Let S; be the set of places v in F such that E, /F, ~ E° /F 0. Note that S| may
be empty, but in any case S; contains S| and ¢p. Let x be a unitary character of
Tz’)0 (and hence of T}, for v € S). Let w; be an auxiliary place of F, inert in E with
residual characteristic p  2qpo and let Sy = {wy,...,w,} be the set of all places
of F of residual characteristic p. Let ¥ = ®,2, be a nontrivial additive character
of F\A so that 1, has conductor OF, for v € S,. For any Hecke character 7 set

Ly(n,s) = H L(nw,;, 5).
i=1

Let 7';2 be the permutation on B() given by Corollary 3. For v = (vy,...,v,) €
B(x) let [v] = {v,wr} where wv = (wvy, ..., wWy).

LEMMA 11. There exists a nonempty open set Uy C Us,, such that whenever v
is a Hecke character of TA such that v, € U,, we have 7';2(1/) € [v].

Proof. Denote T;E(V) =v = (v,...,v),). We must show that the condition
[v'] # [v] imposes a nontrivial closed condition on vs,. Since v o Nm = v/ o Nm,
we must have v/ € {v;, wy;} for all i. Assume that [v'] # [v] and let

T={Gj 1<i<j<n vy =vpw}
Our assumption is equivalent to the fact that Z is not empty. Let S be a finite
set of places of F, containing §;, the archimedean and the even places, disjoint
from S, and large enough so that v, has conductor Of,, and v, is unramified
for all w ¢ S. Denote S = Soo U Sr. Let fg = [,es /), be such that Bi(fs, vg, A) is
not zero as a function of A. It follows from Jacquet’s smooth matching for the
p-adic places [Jac03] and the fact that all archimedean places split in E/F, that

we can find a function @g = ®,c5P, such that f§ <£>d>5. We set f' = f¢ @ chy,s

and @ = Qg @ chysqyps). Thus O & f’ by Jacquet’s fundamental lemma, and we
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get the identity
(39) B (®,v,\) =B(f,V,\)

of Corollary 3. We apply the local Bessel identities obtained in Proposition 4 for
the split places and in Proposition 5 for the unramified places. From the same
type of manipulations as in the proof of Lemma 8 of [LROO] we obtain from the
above identity the relation

css N [ L' N = A+ DL iy A = )
(ij)eT
= H LS(I/il/jilw, )\,‘ — )‘j + I)LS(ViVjilw, )\,‘ — )\/)
(NET

for some rational function cs,()) in {q) | v € S;}. If Re \ is positive enough then
the expression in each side is an absolutely convergent infinite product and can be
expressed as a multiple Dirichlet series in the variables A\; — Ay, i=1,...,n—1.
We can therefore compare the purely p-powered multi-coefficients to get

H Lp(l/iVj_l, )‘i — >‘j + I)Lp(ViVj_l, Al’ — )\J)
()ET
= [ Lo 'w, X = A+ DLy w, \i — X).
(i)eT

This equality holds for all A. We now fix once and for all \,,...,\, € iR such
that

Ly ' N = A L w, i = )T #0

for all (i,j) € Z such that 2 < i. Note that there exist an index jy such that
(1,jo) € Z. Indeed, otherwise v/ = vjvy 'y for all j and since vjv; ! € {1px,w}
this contradicts our assumption on v. There is then a nonzero number ¢ such that
for all \; we have

c [I Ly =N+ DLy A = A)
(§)ET
= H Lp(ij_lw,)\l — A+ l)Lp(l/lyj_lw,)\l — Aj).
(Hex

Denote o, = 1 ijl(wy), and let g, = p"** for v € §,. Let x = p_)". We have

¢TI T (= agop™ X D)1 — agop™ ™)
(1))ET vES,

= H H (1 +aj’ypnu(>\j—1)xnu)(1 +O{/,yp"”)‘fx""‘),
(IJ)GI UESZ
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This must hold as an equality of polynomials in x. Fix ¢y € S», let Cg”" = Qg
and set xp = p_)‘fo Co- The left-hand side vanishes at xy. It follows that there exist
(j, v) # (jo, tp) with (1,j) € Z and v € S, such that

npA;i _ Ny A
QP = = QP 070
This is a nontrivial closed condition on vs,. O

We now note that B'(f],v,\) = B'(f',wv, \) and therefore from Lemma 8
and (5) we get that

(40) 7';(75(1/) = wri(y).

It follows that for v such that vg, € U, as in Lemma 11 there exists 6(v) €
{0, 1} such that T;z(”)(u) = v. Using the same argument as in ([LROO], pp. 346—
347), applying Lemma 10, Corollary 3 and Lemma 11 we obtain locally in the
nonarchimedean case, that for every unitary character v of T’ there exists 6(v) €
{0, 1} such that

(41) it @ f then BY(®, v, \) = k(v A, B/ (v, )

for a root of unity rg/p as in the statement of Theorem 3. To complete the proof
in the nonarchimedean case it remains to show that () depends only on n. Let
E;/F; be a quadratic extension of p-adic fields and v; a unitary character of T'(F;)
for i = 1,2. There exists a quadratic extension E/F of number fields, split at all
real places and such that there are places ¢; of F for which E, /F, ~ E;/F;.
There also exists a unitary character v of 7T’ \Tf& such that v, = v; for i = 1,2.
Let x = v o Nm and let 7';2 be the permutation of B(x) given by Corollary 3. It

follows from (41) and Lemma 8 that Tg('/")(u) = v and therefore from (40) that
0(v1) = 6(1»). This completes the proof of Theorem 3 in the nonarchimedean
case.

To prove Theorem 3 in the archimedean case it is enough to consider the
global quadratic extension E/F = Q[i]/Q. Let 6 = 6(n) € {0, 1} be the chosen §
for which Theorem 3 holds in the nonarchimedean case. Let

A™(x ,A):W
and set
- 1 -
BSI’OO‘ OO)\ - - A )\BSI‘ A
(™) AOO(XOO,)\)H pOXps VB (L1, N)

p
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and

VYoo (Voos A o)

B, v™,\) =
)= AR, )

LT @ps A ) A (s MB (5 1, M),
p

the products being over all primes and are convergent for Re A sufficiently large.
As explained in the proof of Corollary 3, we may regard both as distributions of
Yo = Hl’j Y, via the $-matching. It follows from the local Bessel identity at the
split and at the nonarchimedean places that

HP REp/Fp

42 Boo( v N\ = L
( ) ( Y ) ’YOO(V(X)’A9wOO)

B, v,

If & & fL we denote,
al/()\) = B(Y)to(q)OOe VOOa )\) and /BV()\) = B:)o(f(;oa VOOa )\)
From (37) we have

> BN = Y B (VBTN

veB(x) veB(x)

It follows from Lemma 8 that the distributions (B*>>°(-, v>°, M)veB(y) are linearly
independent and therefore that

ay(N) = ’Q(C/R’Yoo(yoo, A, woo)/gu()\)
where rc/r =[], “E,,l JFy This completes the proof of Theorem 3. O
Theorem 2 is now immediate from (37) Lemma 8 and Theorem 3. O
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