Kloosterman-Fourier inversion for symmetric matrices

Omer Offen

Abstract

We formulate a Kloosterman transform on the space of generalized Kloosterman
integrals on symmetric matrices, and obtain an inversion formula. The formula is a
step towards a fundamental lemma of the Jacquet type. At the same time it hints
towards a conjectural relative trace formula identity, associated with the metaplectic

Correspondence.

0.1 Introduction

Let F' be a non-archimedean local field, Op the ring of integers in F' and ¢ the
maximal ideal of Op. Let | | denote the normalized absolute value on F' so that for a
uniformizer w of F' we have |w|™! = #(OF/p) is the size of the residual field. Let 1

be a non-trivial additive character of F'. We recall the formula

[ Fapitaat)dz =20 b o0, 0) [ ai(-a et do 1)

which we use to define the Weil constant 7. Here a € F*, f € C°(F) is a Schwartz

function on F' and f is the Fourier transform of f defined by

/f —2zy) dy.

The measure dx is the self dual Haar measure on F' with respect to ¢. Thus, it

0) =2 / f(z) d. 2)

Let N = N, be the subgroup of upper triangular unipotent matrices in G L, (F).

satisfies

Define the non-degenerate character 6 = 6,, of N by

n—1
=19 <Z 95n'+1>
i=1



where v = (2;;) € N. The Haar measure dxz on F' determines a Haar measure on N
and a self dual Haar measure on any finite dimensional F-vector space. We will use
the measures determined by dx unless otherwise specified. Denote by M,,«, (F) the
set of all m x n matrices with entries in F. Let M, (F) = M,x, (F) and denote by

S = &, the space of symmetric matrices
S={XeM,(F)|'X =X}
We consider the action (u, s) — ‘usu of N on S.

Definition An element s € S is called relevant if 8 is trivial on the stabilizer N, of

sin N.

Our objects of interest are the generalized Kloosterman integrals

w[®,¢;s] = / @ (‘usu) 0 (v*) du (3)
N \N

for a relevant s € S, & € C*(S). Let S, = S, N GL,(F). The orbits in S, are
fully described in [M]. To describe a set of representatives for all orbits in S, we
view the elements of the Weyl group as permutation matrices in GL,(F'). Thus a
complete set of representatives for the orbits in S, is the set of all w a, where w is the
longest element in the Weyl group of a standard Levi subgroup M of GL,(F) and
a is in the center of M. All relevant orbits in S,, with zero determinant contain an
element of the form < ° 0 ), where s € S,,_1. In [J1], this is proved for Hermitian
matrices. The proof for symmetric matrices is identical and we omit it here. Repre-
sentatives for the relevant orbits of zero determinant are therefore given as above in
terms of representatives of orbits in S,,_;. When w = 1 and «a is a diagonal matrix,
the stabilizer of a in N,, is trivial. In this sense the diagonal matrices are represen-
tatives of the largest orbits. In a sense explained in [J1] and [J2], the Kloosterman

integrals for smaller orbits, i.e. with w # 1 are determined by Kloosterman integrals

of the largest orbits. For this reason, ouy main concern in this work is the space



of Kloosterman integrals, restricted to the relevant diagonal matrices. These are of
the form a = diag(ay,...,a,) where ay,...,a,—1 € F* and a, € F. We will denote
by w[®,¢;aq,...,a,] the Kloosterman integral w[®, ¢; diag(ay, .. ., a,)]. To state our
main theorem it will be convenient to introduce a normalization. We introduce the
normalizing factors

n—1,n-2

on(a) =al " aj I

and
Fn(a7 ¢) = V(Clla ¢)n_1 ’7(@2, 1/})”_2 e V(Qn—la 10)
The normalized Kloosterman integral is
FYD, b ay, ... an] = Tn(—a,¥) | on(a)|2 w[®, a1, . .. anl. (4)

The purpose of the notation @? is to emphasize the dependence of the normalization

on the character 9. Let ,, be the space of functions w on (F*)"~! x F of the form
w(a,...,a,) =% [®, 9 a1, ..., a4,

for some ® € C°(S). Denote by [,] : F* x F* — {41} the quadratic Hilbert
symbol. It is defined by the condition [a,b] = 1 iff a is representable by the quadratic

form a = 2* — by?. We define the Kloosterman transform K, on Qy ., by

Kyw(ay, ... a,) =

n n—1 n—1n—i
/w(ph...,pn)w [—Zpi Api1—i + Z 1 ] <H H[%Pj]) dpr, dpp_1 - - dpy
i—1

=1 Piln—i | \iZ7 5
(5)

where the integral over p; € F, i = 1,...,n is only iterated. Although the integrand

is a-priori only defined for py,...,p,1 € F*, p, € F we make sense of (5) in the
proof of theorem 0.1. Denote by w, € GL,(F') the permutation matrix with a unit
anti-diagonal. For any matrix X € M, (F) we will denote by Tr(X) the trace of X.
For a function ® € C°(S) let

b(s) = [ Bty (~Te(s1) (6)



be the standard Fourier transform of ®. We will consider the Fourier transform

B(s) = ®(wy, swy) (7)
of ®. Our main theorem is

Theorem 0.1 The integral (5) defining the Kloosterman transform on Sy, is a con-

vergent iterated integral. Moreover, let ® € C°(S) then,
(Kpn”[@,95) (ar,- - an) = 210702y (10" V2808, i, sanl (8)

The theorem shows in particular that Ky, is a transform from €2y, to €2 ,. Com-
bining the theorem with Fourier inversion on S we obtain the inversion of the Kloost-

erman transform.

Corollary 0.2 The Kloosterman transform satisfies
KjnoKy,=[2""""1d
where Id is the identity map on Sy ,,.

The motivation to the problem lies in a conjectural trace formula identity of the
Jacquet type. The identity is concerned with the metaplectic correspondence of [FK].
It is a lifting of genuine automorphic representations of the metaplectic double cover
@En of GL,, to automorphic representations of GL,,. Jacquet suggests the following
characterization for the image of this lift:

A cuspidal automorphic representation of GL, with trivial central character is
a lifting from c?in iff it is (H, x)-distinguished for some subgroup H of orthogonal
similitudes of GL,, and some idéle class quadratic character y.

For more detail and definitions we refer to [M]. This characterization of the image of

metaplectic correspondence will follow from the relative trace formula identity

/ch(u)@(uQ)du = /Iif(ul,uQ)Q(ul ug) duy dus. 9)



Here k is a global field. The integration is over u, uj, us € N, (k)\N,(Ay), where
on the right hand side N, is viewed as its splitting in Cfl\in, K¢ and Kg are kernel
functions depending on the quadratic character y, of operators corresponding to the
smooth functions of compact support f on GL,(A;) and ® on S,(Ay). Again for
more details we refer to [M]. The fundamental lemma for this situation is a matching
of Kloosterman integrals. If @, is the characteristic function of S N K where K =
GL,(Op) is the standard maximal compact of GL, (F), then w[®, ¥; a] matches in

an appropriate way, an integral of the form
/ ‘lfo(tul a u2)0(u1 UQ) dU1 dU,Z (10)
NxN

where Wy is the unit element of the genuine spherical Hecke algebra of é’\j}n(F ). In [M],
Mao proved the fundamental lemma for the case n = 3 by brute force computation.
In [J3], Jacquet developed a method to prove Kloosterman integral identities of the
above type. The method requires in both sides an inversion formula for a Fourier-
Kloosterman transform on the space of Kloosterman integrals. For the case of a
quadratic extension the inversion formulas are obtained in [J1] and the method is
carried out in [J3] to prove the identity of Kloosterman integrals which serves as
a fundamental lemma for a relative trace formula. In this work we provide a step
towards the fundamental lemma associated with the trace formula (9). At the same
time, the formula (5) and mainly the oscillating factor nﬁl Tﬁz[ai, p;] in it, hint to a
relation with the metaplectic group. If o is the 2-cocyclé:t1h];cl defines multiplication
in C?zn(F) as defined in [KP], then for a = diag(ay,...,a,) and p = diag(p,...,pn)
we have

n—1n—i

o (a,w, pw,) = HH[ai,pj]. (11)

i=1 j=1
The rest of this manuscript is organized as follows: The main tool we use to prove

theorem 0.1 is Weil’s formula. In chapter 2 we write it in a form convenient for our

needs. We then prove the theorem by induction. Chapter 3 provides an inversion
5



formula for some intermediate integrals designed to use an inductive argument. In
chapter 4 the inductive step is carried out to finish the proof of the inversion. Chapter
5 provides a much simpler formula associated with the smallest orbits. We present it
here, since once the analogous results for the metaplectic case will be obtained, the
method of Jacquet requires this formula in order to prove smooth matching.

The proof of the inversion formula closely follows the guidelines of [J1], the new
ingredient is the occurrence of the Hilbert symbol in the Kloosterman transform.

The problem was suggested to me by Jacquet. For the project and for much help
and support, I am most thankful to him. Most of this work was written during my

visit at THES. I thank the IHES for a very pleasant and productive visit.

0.2 Weil’s formula

0, X
Vn,m:{( tX Om) ’XEMnXm(F)}

We view V,, ., as a self-dual space via the pairing

(o) (o)) C a ) (v o)) oo

where X € M, um (F) and Y € M,,x, (F)). The Fourier transform of a function
¢ € CF(V,,m) is defined by

@(2; ;):; ) :/Mmcp(?; g;)w[—QTr(XY)]dY (13)

X € Myxn (F). We recall Weil’s formula for the Fourier transform of a character of

Let

second order for the space V), ,,,. Taking our definition of the Fourier transform into
acount, from [W] we have that for all A € S,,, C' € S,,, there is a constant 7. (A4, C, )
such that for all ® € C*(V,,)

/ ® ( tO“ X ) YT (C'X AX)]dX = |2|"2 |det A|" 2 |det C| 2
M (F) X Om
6



) t
wmacs [ e Fumetzat e
Mo (F) Z 0
For P € M,,x,,(F) the Fourier transform of the function
0, X 0, X
(% o )ee|( o )| vimeex (19
X € Myum(F), is the function
0 tz) ( 0 t(Z—lP))
n — " 2 (16)
( Z O, Z — 3P Om

Z € Mpwn(F). Applying Weil’s formula (14) to this function, we get after the change
of variables Z — Z + 3P that

0, X
/Mnxmmq) K X O )1 U [Te(PX) +Tr (C'X AX)] dX =
272" | det A|~% | det C| 397 (A, C, 1)) -

T O, tZ Ty _1 1 1 1
/men(F)(I)( Z O )@b{ T (C (Z+5P)AT N (Z + 2P))] dz.  (17)

We remark that in the case m = n = 1 the Weil constant is the one-dimensional Weil

constant defined in (1)
1 (A C) =v(ACY). (18)

For general m and n we can describe the Weil constant in terms of the one-dimensional

case.

Lemma 1 Let

A= "g diag(ay,...,a,) g1
and

C = gy diag(cy, . .., cm) go,
where A € S,,, C € Sy, g1 € GL,(F) and g2 € GL,,(F), then

Ym (A, C ) = H v(aicj, ¥). (19)

1 n
1 m

INIA

i
J

~IAIA



Proof We start with the case m = 1. Since C°(V, 1) ~ C*(F)®™, it is enough
in the definition of 77 to consider functions ® of the form ®(v) = [] fi(z;) where
i=1

T

veVn,lisoftheformv:(g? )g),XZ E € I and f; € C°(F). Note
Tn

that in this case ®(v) = [] fi(x;), therefore if A = diag(ay,...,a,) the factorization
i=1
of (A, 1,) is straight forward from (1) and (2). Indeed

/cb ( tO)T} )o( ) YT (X AX)]dX = ilj/fi(xi)wai 22) da; =

n

2] (laHotn) [ fwvear o an) -

i=1

12|%| det A| 2 <H7(ai,w)> /cﬁ ( OZ” tOZ ) Y[-Tr (Z A1 Z)]dZ,

i=1
therefore in this case indeed we get

n

V(A L) = [ (e ). (20)

i=1
For any A € S, let g € GL,(F) be such that A = 'gag with a = diag(ay,...,a,).

Note that the Fourier transform of the function
0, X 0, B¢
(tX 0 )'_)(I)(tthl 90 )

0, Z (0, 'gtZ
(Z Om>|—>|detg|q)<Zg 0 )

therefore using the changes of variables X +— ¢! X, Z — Z g~! and applying (20)

is the function

for a we get

/@(g’; )O()w[Tr(tXAx)]dX:

_ O X
| det g| 1/@(tth1 g 5 )Q/J[Tr(tXaX)]dX:
8



20| det a|} (Hmw) [o( 2, 7 )urnzatz)iz-

i=1
On '2 )¢[—Tr (ZA1Z))dz.

n — _1 = 2
12/[det g| ™" |deta| 2 (H’y(ai,w))/q’( Z 0
Since det A = det g? deta we get (20) for any A € S,. For a general m, if C' =

diag(cy, ..., cp) is diagonal then

m

Tr(C'XAX) =) Tr('Xc¢;AX).

j=1
Therefore, as in the case m = 1 the fact that C°(V,, ) ~ C(V,,1)®™ implies that

T (A, C) =[] (e A 1, ¢) (21)
j=1

and (19) then follows from the case m = 1. For any A and C as in the statement of

the lemma, since

Tr(C'X AX) = Tr(X C'X A)

we may compute as before, denoting ¢ = diag(cy, ..., ¢,) and using the changes of

variables X — X g, ' and Z — g, ' Z that

/@(%} )O()zp[Tr(CtXAX)]dX:

—1
|det92]”/<1> ( tg_ol"tX X(g)2 >¢[Tr (c'X AX)]dX =
2
. trrt
12]"2" | det A~ % |detc| 27" (A, ¢, ) /<I> ( gO"Z Z092 ) V[-Tr (' ZAVZ))dZ =
2
R t
12| %2 | det go| | det A|% |det ¢| 724" (A, ¢, ) / o < OZ” OZ ) Y[-Tr (C'ZAZ)]dz.

We then have

(A, C,0) =7 (A, ¢, 9)
and the lemma follows from the case when C is diagonal. |}
9



The symmetry on the right hand side of (19) implies that

77?1(147 Ca ¢) = 'YZL(C’ A7 w) (22)

From (1) it is easy to see that the one-dimensional Weil constant satisfies

’y(aa ¢) = ’7(—&, ¢) (23)

Applying Weil’s formula twice we get that

7(a7,¢) 7(_a_17¢) =1 (24)

We also recall that v satisfies

Y(ae, ) =~5(1,¢) " v(a,¥) y(c, ) [a, ] (25)

for a,c € F*. Therefore, for A and C' as in lemma 1

YA, C ) = ~y(1, )" (Hv @, > (Hv(%?ﬁ)”) (H[%Cj]) . (26)

i,J

In particular
n

Yo (A L) = [ [ (@i, )™ = 70 (L, A, ) (27)

=1

and

W (L, Cy 1)) = ch], "= (C 1y, 1), (28)

The expression [][[a;,¢;] is thus only dependent on A and C and we can and will
i,
denote

[A,Cl = H[au ¢l (29)

We finish this chapter, with an identity we will need later.

Lemma 2

V(= A, Lin, 0) 1 (AT, C ) :107( )™ A, Ol (=C L ). (30)



Proof From (26), (27) and (28) we get that
’yrnn(_A7 Lin, ¢) ’an(A_la O? @D) =

V(L) A (= A L, D) Y (AT L, ) 1 (C 1, 90) [A, C. (31)

Using (24) and (27) we get that
V(= A, L, 0) 1 (A7 1y 90) = 1
From (23) and (28) we have
T (G 1n, ¥) = 77 (=C. 1, )

and from (23) and (24) that

Therefore, the right hand side of (31) is now equal to

V(L @Z_))mn [A7 C] 7771(_07 1na 77;)

and the lemma follows. |

0.3 Intermediate orbital integrals

For n, m > 1 and a function ® € CX(S,,+,) we define the intermediate orbital

wr, {w; ( An 5 )} _
[l (M ) () (2 Y-

/Mnxmmq) K tﬁ?ﬁln By, 4?;))((14”)( )} P2 Tr(e X)]dX (32)

integral



where A, € S, By, € S,y and € = €], = (6(ij), 1)) € Mimxn(F). We also define a

normalized intermediate integral

wlon(* )

= A L) [det Ay [0 ()] (33)

Proposition 0.3 LetC,, € S,,, D,, € S,, and ® € CX(S,,1). The function mapping
A, to

/m o [@,w; ( An B, )} Y [= Tr( By Wi, Cpy wiy)] dBy (34)

originally defined for A, € S,, extends to a smooth function of compact support on

[An, Con) ¥ [ Tr (win Cp wi €, A )] -

S,. The iterated integral

/n Um Wik {qw; ( An B )} Y [— Tr( By W Cp wiy )] dBm] :

[An, Coa) ¥ [ Tr (win Crt wi € A e )| 00 [— Tr( Ay wy, Dy wy)] dA, (35)

m

is therefore convergent. It is equal to

|2

Yoamapd ea (o, ). (30

Proof First we remark that from the right hand side of (32) it is easily observed that

for a fixed A,, € S,, the function

s o ()]

is smooth and of compact support on S,,. Therefore, for a fixed C,, € S,, the function

© defined by



is in C2°(S,,). Consider the partial Fourier transform with respect to By,

[ el (M, )] eime-co s, (39)
Expanding along (32) it becomes after a change of variables B, — B,, — XA, X
Py':ln(_Ana 1m7 Yﬁ) ‘ det An’% .

/ ¢ K ’ ;Zn Aé‘f )} GTr(2€" X) 4+ Tr(Cr' X A X)) dX [ Tr(=Clyy Bn)] dl?m)
39

and after another change of variables X — A, ' X it becomes
/ng(_Ana ]-m7 w) | det An|_% :

/ d K ;4X” éfn )} Y[Tr(2€™ AL X) + Tr(Cp' X AP X)] dX[—Tr(By, Crn)] dByy,.
(40)

Applying Weil’s formula (17) with P = 2¢€" A~ we see that this is equal to

121" 3 (AL Cony ) Y (= Ay L, 1) | det G| 72 /(D ( ;4; g ) vl

O[T (CHX + e ATDA(X + AN en))] dXY[—Tr(Bn Cp)]dBy. (41)
We now use lemma 2. After expanding (41) it becomes:

21" (1, )™ 4 (= Cony L, ¥)| det O] ~590 [T (Ot €, A e )] [An, Ol
/@ ( ;4; g ) ¢ [2Te(XY) - Te(C' X A,'X) — 2Tr (C' X ter)] dY dX-
Y[=Tr(B,, Cpn)] dBpy,. (42)
We showed so far that for a fixed C,, € S,,, the function ¥ on S,, defined by

U(A,) = [An, C] ¥ [Tr (C e Atem)] -

/@WF%<M1%H¢FM%@MMm (43)
" 13



is equal to

20 DIt G F [@ (2 f ).
Y[2Te(XY)—Tx(C' X A,'X) —2Tr (C,,' X ') — Tx(Cy, Bin)] dY dX dB,y.
(44)
Changing variables X +— C,, X we get

o . . A, Y
B = 2L o Dt ol [@ (2 )Y

Y [-2Tr(Cr, XY) = Tr(X A4,' X Cyy) — 2Tx (X 'elt) — Tr(Bn C)| dY dX dB,,.
(45)
Next we expand ©(D,,).

O(Dn) = 22" 7(L, )™ 3 (= Cins 1, ) | det o[ 2
M (F) m+n tX W, Cm Wy Wy, Dn Wy, +t me Cm me m+n
Y[—2Tr(e) X)]dX =

6 (Dot X Covtin X 100X 0 Con \| gy 0 ax.

After a change of variables X +— w,, X w,, ©(D,,) becomes
121729 (1, )™ " 4 (= Co, 1, ) | det G| 2

| ( D, +'XC,X 'XC, .
/Man(F)(D [( Cn X o )] Y[—-2Tr(X er)] dX (47)

where we use the fact that
Tr(e? wy, X wy,) = X1, = Tr(X 'el). (48)
Expanding further we have

O(Dy) = 215 (1, 5)"" 9 (~Con, L, §) | det O



$n Y $n Y D,+'XC,X 'XC,
fel(5 )] e o (3 2 (7l )]
dY ds, dB,, |2 Tr(X ') dX =
1212 (1, 4)™ " A7 (= Cins 1, ¥0) [ det C | 2
/<I>K f{} l;; ﬂw[—Tr(sntXCmX)—Tr@nDn)] dsy-
Y [=Tr(By, Cp) — 2Tr(Chy X V)] dY dBy, 1|2 Tr(X te™ )] dX. (49)

Using Fourier inversion we then see that

O(—A4,) = / O(D,) ¥[Tr(A, D,)] dA, =

n

2900 (o L) et Col? [ @] (52 )| 0 [, X G )
U [=Tr(By Cp) — 2Tr(Cry X Y] dY dBy ¥[—2 Tr(X b)) dX. (50)
Comparing with (45) we get that
O(—A,) = V(4,) (51)

for all A,, € S,,. This proves the first part of the proposition. Furthermore, regarding
U now as its extension to §,, and writing explicitly the equality \i/(Dn) = 0(D,) we
have for all C,, € S,,, D,, € S,,

Lo (g ermscoran]

[An, Coa] ¥ [Tx (C e A er )| @ [=Tr(A, D,)] dA, =

mn \mmn ~m.b I 7 mCm m
ey e (e ). (52

Observing that [A,, Cy,] = [An, W Cp wy,] we get the proposition by replacing (Cy,, Dy,)

with (W, Cpy Wiy, Wy, Dy wy). |}

15



We end this chapter with a reduction formula that we will need for the proof of the

main theorem. Let ® € C°(S,,+,) and define on S,, x S, the function

=(A,, Bn) = w;, {@,w; ( An B, )1 : (53)

Associated with the action of N, x N, on S, X §,,, we consider the generalized

Kloosterman integral

w 2,5 (Ap, Bn)] = /E(tul A uy, ug By i) 0, (u1) 0, (uz) duy dus. (54)

For a relevant element x € S,,,, of the form x = ( n ), where z,, € S,, and
T, € S, are relevant, we have
w[®, ;s x] = w[E, Y, (T, Tm)]. (55)

0.4 Proof of the main theorem

We prove the functional equation by induction on n, the case n = 1 being simply the

definition of the Fourier transform. For a fixed a; € F*, let
V(A, 1) =

oA [T (o e 0] [ foss (4 ] vlopal oy 60
and

O(D,1) = ooy (e (0, )] 657)

Applying proposition 0.3, with (1,7 — 1) in the role of (m n), we get that ¥ extends

to Sp_1. In fact ¥, © € C°(S,,_;) and © = W. Let oV = diag(as, . .., a,) be relevant
in §,,_1. By induction applied to ¥ we have

(K@ [0, 45 ]) (aV) = (2= DO=D/2 (1 ) (=D0=272 50 [0 4praM] . (58)

By (55) and (19) we have



212 (L ) s (s, L, §) |ar] 2w [y [@, 65 4 (0, a)) =
207 (10" (a0, ) ] T wl® a0 (59)
therefore the right hand side of (58) satisfies

2] DE=2/20 (1 Y n=D-D/2 5 [ 4 o] =

o - 1 — n—1 - _

|2|n(n—1)/2,y(1’ ¢)n(n—1)/2 Fn—l(_a(1)> w) |0—n—1(a(1))‘5 ’7(-&1, 10)”_1 |al|T W[CI), 'QD, ag,. .. aa'n] =
22y (1, ) TS @, Pran, ] (60)
Next we treat the left hand side of (58). We start with the computation of the

Kloosterman integral of W at

x = diag(p1, ..., Pn-1)-

Note that
n—1 1
ayuzuly [Tr (a7 ew a7 Hutle)| = a1, p; { }
[ax J¢ [Tr (ay? )] (E[ 1 p]]> (G P
for all w € N,,_; is constant on the orbit of x. So
[ valv"'apn 1 ( —P1,---5 —DPn— 1>w)’0n 1<pla--'7pn 1)’%
n—1
H[al,pj] [ } //Nn Y [‘ID ¥; ( e >] Y [—=pn a1] dp, 0(u) du.
e a1 Pn—1 Dn

(61)
Since ® is smooth and of compact support, it is easy to see from the right hand side

of (32), that for ¢ € C°(F*) the function

(umsop) = ofdet 4, )3 [ ()] (62)
is smooth of compact support on GL(n — 1, F) x F. Since the orbit 'uzu, u € N,_;
has fixed determinant, the double integral in (61) is absolutely convergent and we
may switch order of integration. From (55) we get

LT IILY £ L] (RN | COTCE



1 - 1
anl(_p(n)vw) ‘ O—nfl(pla s apnfl)‘Q ’Yl 1<_$7 17¢) |det$‘2

/w’fl {@72/,; ( fuzu p )] O(u)du = %[, ¥;p1, ..., p.

By switching order of integration in the right hand side of (61) we get that

aw[\llad]apb s ;pn—l] -

<ﬁ[a1,pj]> 0 [alpln_l] /Uﬂ [, p1, . . ., pu] ¥[—Pn a1] dpy.

Jj=1

Finally, we see that
(K pnmr @10, 5 ]) (') =

/(ﬁ[m%ﬂ) (0 [01;1] /&w (@, p1, ..., D] Y][—Pp a1] dpp-

7j=1
[ szan—i-l Z+Z ] (HHCLZ7PJ> dpn—l"'dpl =
2 j=1

(Kw,n ) ary...,Q

Di Gn—;

The theorem now follows from (58), (60) and (65). |}
Corollary 0.2 is now immediate since v(1,%)v(1,v) = 1. |

0.5 A formula for the smallest orbits

Let k(n) = ”(”2“) — 1.

(63)

(64)

(65)

Proposition 0.4 For ® € C*(S,), the function ¢(a) = w[P, v, w,a] is a smooth

function of compact support on F*. Furthermore, it satisfies the functional equation

ol gl = [ {w; ( et )} b

Proof We can write ¢ as follows

w[®, Y, w, a] = /@(m’)@/) gzxm+2z‘> i+j;®n+2d$z‘j
18 =2 =

(66)



where
0 1+45<n
m, ., = a i+j=n+1

_ %2 n — even
F(n) {”?1n—OM
and

Ko(n) =ki(n—1)+mn—1.
Then

k(n) = k1(n) + Ka(n).

After a change of variables (67) can be writen as

w[®, 9, wy a] = [a] 7™ /@(m)¢ (a_l inn+2—i> ® dw;; (68)
i=2

i+j>n+2

where

0 1+45<n
and x;; = x;;, ¢ +j > n+ 2. The smoothness of ¢ follows from the fact that ® is
smooth. Also ®(m) = 0 for large enough |a| and for all z;; as above, since @ is of
compact support. Therefore ¢(a) vanishes when |a| is sufficiently large. Let X be the
n x n symmetric matrix with 0 in the (7 j)-th entry whenever i +j < n + 1 and x;;

in the (i j)-th entry whenever i +j > n+ 2. Let Z be a similar variable matrix with

entries z;;, thus

a 0 0
Tan : Ton . Zon
m = X = 7 =
a Top - Tnpn 0 Ton *+ Tnn 0 Z22n " Rnn
(69)
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Since ® is smooth and of compact support, there are integers [ < k such that ®(m) = 0

unless x;; € ! and ®(m + Z) = ®(m) whenever z;; € p* for all i, j. Therefore,

o= > ) |

zi €0t/ " ik

-1
a Tint2—i T Zint2—i &® dZZ i
(U ( Z( +2 +2 )) sy Vi

=2

This integral factors, for example, through the integral

/ w(a'_l ZQn) dZZn
KJk

which vanishes whenever |a| is small enough. So we get also that ¢(a) = 0 for |a

sufficiently small. We can write

= - —Wp_1a”! x -
/w [w; ( ' b )} db = /‘D(p’)w <_Zyin+1—i> s 2y Mg b
=1 -

where
0 t+j3<n-1
—a ! i+ji=n
—ailyij 2n>i4+j53>2n+1
b 1+7=2n

/ —
Pi; =

and y;; = y;i, ¢ +7 > n+ 1. After a change of variables this becomes

~ — —_ _1 ~ n
/w {(1)7@/1; ( fnord b )] db = |a|52(n)/®(29”)¢ (azyin—f—l—i) i+j§)n+1dyij
i=1 =

where
0 1+7<n—1
p;/j =q —a' itj=n
Yij 1+j=>n+1

and v;; = y;4, © +j > n+ 1 which is the same as writing:

% o, —Wn— a”! K2(n T -
/w {‘I’ﬂﬂ; ( ' b ﬂ db = |a|"™" )/@(pW <azyin+1—i> D dyi

=1
(70)
where
pij: —a_l Z+]=n+2
0 g tizn+3



and y;; = y;4, 1 +J <n+1. Next let Y be the n x n symmetric matrix with

YL 0 i+j>n+2 7

Let A’ be defined by p =Y + A" and let X and Z be matrix variables as defined in
(69). Thus

Y11 e Yin Y11 Yin o - 0

Yin —a ! Yin O 0 —a !

Using Fourier inversion formula for the function ®(Y + (-)) in the (i j)-th entries for

all i + j > n+ 2, we obtain from (70) that

. _ -1
|a\”2(">/w {@,w;( Tt )} db =

/6<Y + Z)[=Te(X Z)] dZ [Tr(X A')] dX ¢ (aiyin—i-l—i) ®  dyi;.

— i+j<n+1

Let A = w, a, one easily observes now that Tr(Z A) = Tr(Y X) = 0 and therefore

Tr(Y+2)(A-— X)) =Tcr(YA—-ZX)=0a) Yinr1-i — Tr(X Z), so we get by the
i—1

Fourier inversion formula applied to d that

. _ -1
|a\”2(">/w {w;( e )} db =

/ BOY + Z2)0[Te((Y + Z)(A — X))] dY dZo[Te(X A)] dX —

/ B(A — X)W[Te(X AY] dX = / B(A + X)o[Tr(—X A)] dX. (71)
But m = A+ X and
Tr(-XA)=a"! Z Tint2—i
i=2
so comparing with (68), the right hand side of (71) is equal to

la] *Mw[®, ¢ w,al.
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